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Universidad Técnica Federico Santa Maŕıa
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Signals and images
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Denoising
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Denoising and/or Deblurring
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Denoising models

N : dimension (signal) or pixels (image N = m× n).

z ∈ RN : observed image/signal (noisy).

x ∈ RN : image/signal to recover.

ε ∈ RN : additive noise (random gaussian variable).

z = x+ ε

Denoising optimization problem

min
x∈RN

1

2
‖x− z‖22 +R(x)

R : RN → ]−∞,+∞]: regularization term depending on z.

If R = 0, the unique solution is x = z.
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Deblurring/denoising models

N : dimension (signal) or pixels (image N = m× n).

Φ: N ×N blur matrix.

z ∈ RN : observed image/signal (noisy).

x ∈ RN : image/signal to recover.

ε ∈ RN : additive noise (random Gaussian variable).

z = Φx+ ε

Deblurring/denoising optimization problem

min
x∈RN

1

2
‖Φx− z‖22 +R(x)

R : RN → ]−∞,+∞]: regularization term depending on z.

If R = 0 and Φ is invertible, the unique solution is
x = Φ−1z.
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Discrete gradient in regularizations

In the case of signals x ∈ RN , the discrete gradient is

D =


0 0 0 · · · 0 0
−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

...
... . . .

...
...

0 0 0 · · · −1 1

 , Dx =


0

x2 − x1
x3 − x2

...
xN − xN−1

 ∈ RN .

The discrete gradient operator in the case of images is

D =

(
D1

D2

)
,

where D1 and D2 are N ×N real matrices considering hor-
izontal and vertical differences at each pixel, respectively.
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Discrete gradient in regularizations
Python. Dgrad.
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Regularizations and main problem

Given λ > 0, in this lecture we will study images/signals whose
Dx is small (piecewise constant).

R = λ‖D · ‖1: TV-`1 regularization. ⇒ nonsmooth convex

R = λ‖D · ‖22: TV-`2 regularization. ⇒ smooth convex

R = g ◦D, where g ∈ {λ‖ · ‖1, λ‖ · ‖22}

Main problem

min
x∈RN

F (x) =
1

2
‖Ax− z‖22 + g(Dx)

A = Id if denoising. ⇒ strongly convex

A = Φ if deblurring. ⇒ convex
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1 Motivation

2 Part I: Convex functions in image/signal processing

3 Part II: TV-`2 regularization: smooth convex functions

4 Part III: TV-`1 regularization: nonsmooth convex functions
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Part I:Convex functions in
image/signal processing

1 Existence and uniqueness

2 F smooth: gradient

F convex
F strongly convex

3 F nonsmooth: subdifferential

Proximity operator
Examples
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Convex optimization problems

Problem (P)

min
x∈RN

F (x).

F : RN → R := R ∪ {+∞} is

convex : (∀x, y ∈ RN )(∀λ ∈ [0, 1])
F (x+ λ(y − x)) ≤ F (x) + λ(F (y)− F (x)).
lower semicontinuous (l.s.c):
(∀γ > inf F )

{
x ∈ RN | F (x) ≤ γ

}
is closed.

proper: F is not always +∞ and never −∞.

Γ0(RN ): Class of functions satisfying above conditions.
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Examples of functions in Γ0(RN)

Differentiable convex functions: x 7→ ex, x 7→ ‖x‖22,...

b b b

x xλ y

x2

F (x+ λ(y − x)︸ ︷︷ ︸
xλ

) ≤ F (x) + λ(F (y)− F (x))

Non-smooth convex functions: x 7→ |x|,
x 7→ max{0, x},...

|x|
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Examples of functions in Γ0(RN)

Discontinuous convex functions: C ⊂ RN is closed
and convex.

Indicator function

ιC(x) =

{
0, if x ∈ C;

+∞, otherwise.

︸ ︷︷ ︸
C

+∞+∞

bb

Constrained convex functions: Let f ∈ Γ0(RN ) and C
be closed and convex:

F (x) =

{
f(x), if x ∈ C
+∞, otherwise.

= f(x) + ιC(x)
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Examples of functions in Γ0(RN)

If f and g are in Γ0(RN ), we have f + g ∈ Γ0(RN ).

If g ∈ Γ0(RM ), and L : RN → RM is linear (M ×N
matrix), then g ◦ L ∈ Γ0(RN ). Dem.

In particular,

‖x‖1 = |x1|+|x2|+· · ·+|xN | and ‖x‖22 = x2
1+x2

2+· · ·+x2
N

are in Γ0(RN ) Dem. N = 1.

Exercise

(∀λ ∈ [0, 1]) ‖(1−λ)x+λy‖22 = (1−λ)‖x‖22+λ‖y‖22−λ(1−λ)‖x−y‖22.

R = g ◦ L and f : x 7→ 1
2‖Ax− z‖

2
2 are in Γ0(RN ).

F : x 7→ f(x) + g(Lx) is also in Γ0(RN ).

15/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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Existence of solutions

Let F ∈ Γ0(RN ) be coercive, i.e.,

lim
‖x‖→+∞

F (x) = +∞.

Then arg minF =
{
x∗ ∈ RN | (∀x ∈ RN ) F (x∗) ≤ F (x)

}
6= ∅.

Dem. We have

arg minF =
⋂

γ>inf F

{
x ∈ RN | F (x) ≤ γ

}

and coercivity implies that
{
x ∈ RN | F (x) ≤ γ

}
is bounded (and

closed). Intersection of nonempty compact sets is nonempty.
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Strong convexity and uniqueness of solutions

F is β-strongly convex for some β > 0 if F − β
2 ‖ · ‖

2
2 is

convex.
Strongly convex functions are coercive.

Exercise

F is β-strongly convex ⇔ (∀x, y ∈ RN )(∀λ ∈ [0, 1])

F (x+ λ(y − x)) ≤ F (x) + λ(F (y)− F (x))− β
2λ(1− λ)‖x− y‖22.

Uniqueness of solutions

Suppose that F ∈ Γ0(RN ) is β-strongly convex (β > 0). Then
arg minF is a singleton.

Dem. Existence is ok. Suppose that {x∗, y∗} ⊂ arg minF , x∗ 6= y∗.

F (x∗ + λ(y∗ − x∗)) ≤ F (x∗) + λ(F (y∗)− F (x∗))− β

2
λ(1− λ)‖x∗ − y∗‖22

< F (x∗) = F (y∗) ⇒⇐ .
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F differentiable

For all i ∈ {1, . . . , N}, let ei = (0, . . . , 1︸︷︷︸
i

, . . . , 0)> ∈ RN .

For all x ∈ RN and i ∈ {1, . . . , N},

∂F (x)

∂xi
= lim

t→0

F (x+ tei)− F (x)

t
when the limit exists.

∇F (x) =
(∂F (x)
∂x1

, . . . , ∂F (x)
∂xN

)> ∈ RN : gradient of F at x.

F is differentiable: ∂F (x)
∂x1

, . . . ∂F (x)
∂xN

are continuous.

18/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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Exercises

Prove that F : x 7→ ‖x‖22/2 is differentiable and ∇F (x) = x.

Suppose that F is differentiable. Prove that

(∀h ∈ RN ) lim
t→0+

F (x+ th)− F (x)

t
= ∇F (x)>h.

Suppose that F is differentiable and let x∗ ∈ arg minF .
Prove that ∇F (x∗) = 0.

(Chain’s rule) Suppose that

f : RN → R and g : RM → R are differentiable.
L is a M ×N real matrix.
F = f + g ◦ L.

Prove that F is differentiable and

(∀x ∈ RN ) ∇F (x) = ∇f(x) + L>∇g(Lx).
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F differentiable and convex

(∀x ∈ RN )(∀y ∈ RN )

{
F (x) +∇F (x)>(y − x) ≤ F (y)(
∇F (x)−∇F (y)

)>
(x− y) ≥ 0.

Dem. Let x and y in RN . From convexity, we have, for every
λ ∈ [0, 1],

F (x+ λ(y − x))− F (x)

λ︸ ︷︷ ︸
→∇F (x)>(y−x)

≤ F (y)− F (x).

Previous property implies

Fermat’s Theorem (diff)

x∗ ∈ arg minF ⇔ ∇F (x∗) = 0
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F differentiable and strongly convex

Since F − β
2 ‖ · ‖

2
2 is convex and differentiable:

Exercise

Suppose that F is differentiable. Prove that F is β-strongly
convex ⇔

(∀x ∈ RN )(∀y ∈ RN )

{
F (x) +∇F (x)>(y − x) + β

2 ‖x− y‖
2
2 ≤ F (y)(

∇F (x)−∇F (y)
)>

(x− y) ≥ β‖x− y‖22
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Example

Suppose that x = 0 ∈ RN is the signal to be recovered.

z = x+ ε = ε ∈ RN is a Gaussian noise (known).

λ ≥ 0

Denoising with `2 regularization

min
x∈RN

F (x) = 1
2‖x− z‖

2
2 + λ‖x‖22

F ∈ Γ0(RN ) and is (λ+ 1/2)-strongly convex. Therefore, there
exists a unique solution x∗. By Fermat’s Theorem (diff)

{x∗} = arg minF ⇔ 0 = ∇F (x∗) = x∗ − z + λx∗

⇔ x∗ =
z

1 + λ
.

Python. Signal denoising.
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F convex nonsmooth

Subdifferential of F

∂F : RN → 2R
N

= P(RN )

x 7→
{
u ∈ RN | (∀y ∈ RN ) F (x) + u>(y − x) ≤ F (y)

}

Example: |x| =

{
x, if x ≥ 0;

−x if x < 0.

∂| · | : x 7→





{1}, if x > 0;

[−1, 1], if x = 0;

{−1}, if x < 0.
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Subdifferential properties

Exercise

If F is differentiable, then, for every x ∈ RN , ∂F (x) = {∇F (x)}.

Dem. Let u ∈ ∂F (x), let h ∈ RN , and let t > 0. Set y = x+ th

u>h ≤
F (x+ th)− F (x)

t
→ ∇F (x)>h⇒ (u−∇F (x))>h ≤ 0.

Monotonicity of ∂F

For every x and y in RN , u ∈ ∂F (x), and v ∈ ∂F (y),

(u− v)>(x− y) ≥ 0.

When F is differentiable, it reduces to monotonicity of the gradient.
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F convex

If F is convex and non necessarily differentiable, we have

Fermat’s Theorem

x ∈ arg minF ⇔ 0 ∈ ∂F (x)

Dem. 0 ∈ ∂F (x) ⇔ (∀y ∈ RN ) F (x) + 0>(y − x) ≤ F (y) .

Moreau-Rockafellar’s Theorem

Suppose that g : RM → R is continuous, L is a M ×N real
matrix, and set F = f + g ◦ L. Thena

(∀x ∈ RN ) ∂F (x) = ∂f(x) + L>∂g(Lx).

aL(C) =
{
Lx | x ∈ C

}
.

Dem. Hahn-Banach’s Theorem.
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F convex nonsmooth

If F = f + g ◦ L and f and g are differentiable, then F is
differentiable and Moreau-Rockafellar’s Theorem becomes

(∀x ∈ RN ) {∇F (x)} = {∇f(x)}+ L>{∇g(Lx)},

which is equivalent to chain’s rule.
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Motivation Part I Part II Part III

Proximity operator

Suppose that F ∈ Γ0(RN ).

Proximity operator of F

proxF : x 7→ argmin
y∈RN

F (y) + 1
2‖y − x‖

2
2

Example: F = ιC

Projection

proxιC = PCx = argmin
y∈C

1
2‖y − x‖

2
2.
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Proximity operator

Since F + ‖ · −x‖22/2 ∈ Γ0(RN ) is strongly convex,
arg min(F + ‖ · −x‖22/2) = {p∗} and proxF is well defined.

By Fermat’s and Moreau-Rockafellar’s Theorems:

0 ∈ ∂(F + ‖ · −x‖22/2)(p∗) = ∂F (p∗) + {p∗ − x}

Then p∗ = proxF (x) is the unique solution to the inclusion

x ∈ p∗ + ∂F (p∗) = (Id + ∂F )(p∗)

or, equivalently,

proxF (x) = (Id + ∂F )−1(x).
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Motivation Part I Part II Part III

Example: smooth thresholder

Set λ > 0 and F = λ| · |.

Proximity operator of λ| · |

p = proxλ|·|x ⇔ x− p ∈ λ∂| · |(p) =





{λ}, if p > 0;

[−λ, λ], if p = 0;

{−λ}, if p < 0.

If p > 0, then x− p = λ and p = x− λ > 0.

If p < 0, then x− p = −λ and p = x+ λ < 0.

If p = 0, then x− p = x ∈ [−λ, λ].

proxλ|·|(x) =





x− λ, if x > λ;

0, if x ∈ [−λ, λ];

x+ λ, if x < −λ.
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Example: smooth thresholder

|x|

∂| · |(0) = [−1, 1]

λ∂| · |

λ

−λ

Id + λ∂| · |
λ

−λ

proxλ|·| = (Id + λ∂| · |)−1

λ−λ
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Exercise

For every i ∈ {1, . . . , N}, let fi ∈ Γ0(R). Define
F : RN → R ∪ {+∞} as

(∀x = (xi)1≤i≤N ∈ RN ) F (x) =

N∑

i=1

fi(xi).

Prove that

(∀x = (xi)1≤i≤N ∈ RN ) proxFx = (proxfixi)1≤i≤N .
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Example

Suppose that x = 0 ∈ RN is the signal to be recovered
(sparse).

z = x+ ε = ε ∈ RN is a Gaussian noise (known).

λ ≥ 0

Denoising with `1 regularization

min
x∈RN

F (x) = 1
2‖x− z‖

2
2 + λ‖x‖1

Since F is strongly convex, there exists a unique solution x∗.
By Fermat’s Theorem and λ‖ · ‖1 : x 7→

∑N
i=1 λ|xi|, we have

{x∗} = arg minF ⇔ x∗ = proxλ‖·‖1z = (proxλ|·|zi)1≤i≤N .

Python. Signal denoising.
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1 Motivation

2 Part I: Convex functions in image/signal processing

3 Part II: TV-`2 regularization: smooth convex functions

4 Part III: TV-`1 regularization: nonsmooth convex functions
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Part II:TV-`2 regularization:
smooth convex functions.

1 TV-`2 denoising

Problem
Fixed point theory: Banach-Picard’s theorem and strict
contractions
Application: Gradient algorithm

2 TV-`2 deblurring

Problem
Fixed point theory: Opial’s Lemma and averaged
nonexpansive ops.
Application: Gradient algorithm

3 Appendix
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TV-`2 denoising

Suppose that x ∈ RN is the signal/image to be recovered
(piecewise constant).

z = x+ ε, where ε is a Gaussian noise, and λ > 0.

Denoising with TV-`2 regularization

min
x∈RN

F (x) = 1
2‖x− z‖

2
2 + λ‖Dx‖22

Since F is differentiable and 1-strongly convex, Fermat’s
theorem and chain’s rule yield

{x∗} = arg minF ⇔ 0 = x∗ − z + λD>Dx∗ = ∇F (x∗)

⇔ z = (Id + λD>D)x∗

⇔ x∗ = (Id + λD>D)−1z

(Id + λD>D)−1 costly if N large (Python.) ⇒ Algorithms !
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From Fermat to fixed points

F differentiable and convex and γ > 0.

x∗ ∈ arg minF ⇔ 0 = ∇F (x∗)

⇔ x∗ = x∗ − γ∇F (x∗)

⇔ x∗ = GγFx
∗

Gradient operator

GγFx = x− γ∇F (x).
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Banach-Picard’s theorem

Definition

Let L > 0 and let T : RN → RN .

T is L-Lipschitz continuous if
(∀x, y ∈ RN ) ‖Tx− Ty‖2 ≤ L‖x− y‖2.
T is a strict contraction if it is L-Lipschitz with L ∈ ]0, 1[.

FixT =
{
x ∈ RN | x = Tx

}
: fixed points of T .

Banach-Picard’s theorem

Suppose that T : RN → RN is a strict contraction with
constant L ∈ [0, 1[.

Let x0 ∈ RN and (∀n ∈ N) xn+1 = Txn.

Then FixT = {x∗} and (∀n ∈ N) ‖xn − x∗‖2 ≤ Ln‖x0 − x∗‖2.
Hence, xn → x∗ with linear convergence rate L.
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Proof of Banach-Picard’s Theorem
Dem. For every m > n,

‖xm − xn‖2 ≤ ‖xm − xm−1‖2 + · · ·+ ‖xn+1 − xn‖2
≤ ‖Txm−1 − Txm−2‖2 + · · ·+ ‖Txn − Txn−1‖2
≤ (Lm−2 + · · ·+ Ln−1)‖x1 − x0‖2
= (Ln−1 − Lm−1)/(1− L)‖x1 − x0‖2 → 0,m, n→ +∞

(xn)n∈N is a Cauchy sequence, hence it converges to x∗ and

‖x∗ − Tx∗‖2 ≤ ‖x∗ − xn‖2 + ‖Txn−1 − Tx∗‖2
≤ ‖x∗ − xn‖2 + ‖xn−1 − x∗‖2 → 0.

Then x∗ ∈ FixT . Uniqueness (exercise).

‖xn − x∗‖2 = ‖Txn−1 − Tx∗‖2 ≤ L‖xn−1 − x∗‖2 ≤ · · · ≤
Ln‖x0 − x∗‖2.
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GγF strict contraction

Theorem

Suppose that

F is differentiable, ρ-strongly convex,

∇F is L-Lipschitz continuous,

0 < γ < 2
L .

Then, GγF is rG(γ)-strict contraction, where

rG(γ) = max{|1− γρ|, |1− γL|} ∈ ]0, 1[ .

Moreover, rG( 2
L+ρ) = min

γ>0
rG(γ) = L−ρ

L+ρ .

Dem. See Appendix.
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Application: TV-`2 denoising

Denoising with TV-`2 regularization

min
x∈RN

F (x) = 1
2‖x− z‖

2
2 + λ‖Dx‖22

∇F : x 7→ x− z + λD>Dx is (1 + λ‖D‖22)-Lipschitz cont.1

F is 1-strongly convex.

If γ ∈
]
0, 2/(2 + λ‖D‖22)

[
, GγF = Id− γ∇F is a

max{|1− γ|, |1− γ(1 + λ‖D‖22)|}︸ ︷︷ ︸
rG(γ)

- strict contraction.

Gradient algorithm

(∀n ∈ N) xn+1 = xn − γ(xn − z + λD>Dxn).
Then ‖xn − x∗‖ ≤ rG(γ)n‖x0 − x∗‖.

Python. Signal-TV-l2-grad-theo-vs-num & Image#

1‖D‖2 = max‖x‖=1 ‖Dx‖2 =
√
λmax(D>D).
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TV-`2 deblurring

Suppose that x ∈ RN is the signal/image to be recovered
(piecewise constant).

z = Φx+ ε, where ε ∈ RN is a Gaussian noise and Φ is a
blur operator.

Deblurring with TV-`2 regularization

min
x∈RN

F (x) = 1
2‖Φx− z‖

2
2 + λ‖Dx‖22

Since F is differentiable and convex (not strongly convex unless Φ
injective), Fermat’s theorem and chain’s rule yield

x∗ ∈ arg minF ⇔ 0 = Φ>(Φx∗ − z) + λD>Dx∗ = ∇F (x∗)

⇔ Φ>z = (Φ>Φ + λD>D)x∗

⇔ x∗ = (Φ>Φ + λD>D)−1Φ>z

(Φ>Φ + λD>D)−1 difficult/costly (Python.) ⇒ Algorithms !
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Gradient operator without strong conv.

Since F is differentiable and convex, we already know that

x∗ ∈ arg minF ⇔ x∗ ∈ FixGγF = (Id− γ∇F )

Since F is not strongly convex, GγF is no longer a strict
contraction and Banach-Picard’s theorem does not
guarantee the convergence of the gradient method.

Still, we have (see Appendix)

Baillon-Haddad (1977)

F : RN → R be convex differentiable.

∇F is L-Lipschitz continuous (L > 0).

Then, for all x and y in RN ,
(∇F (x)−∇F (y))>(x− y) ≥ 1

L‖∇F (x)−∇F (y)‖2.
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Gradient operator without strong conv.

‖GγFx−GγF y‖22 = ‖x− y‖22 + γ2‖∇F (x)−∇F (y)‖22
− 2γ(∇F (x)−∇F (y))>(x− y)

≤ ‖x− y‖22 − γ
( 2

L
− γ
)
‖∇F (x)−∇F (y)‖22

= ‖x− y‖22 −
(1− Lγ

2
Lγ
2

)
‖ γ∇F︸ ︷︷ ︸
Id−GγF

(x)− γ∇F︸ ︷︷ ︸
Id−GγF

(y)‖22

Definition

T is α-averaged nonexpansive (α ∈ ]0, 1[) if for every x, y ∈ RN ,

‖Tx− Ty‖22 ≤ ‖x− y‖22 −
1− α
α
‖(Id− T )x− (Id− T )y‖22.

In particular, T is nonexpansive (i.e., 1-Lipschitz cont.)

Then GγF is Lγ/2-averaged nonexpansive if 0 < γ < 2/L.

43/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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Fixed point convergence: averaged nonexpansive

Theorem

T is α-averaged nonexpansive with FixT 6= Ø.

Let x0 ∈ RN and (∀n ∈ N) xn+1 = Txn.

Then, there exists x∗ ∈ FixT such that xn → x∗.

Dem.

For every x∗ ∈ FixT and n ∈ N, the av. nonexpansive
property implies

‖xn+1−x∗‖22 = ‖Txn−Tx∗‖22 ≤ ‖xn−x∗‖22−
1− α
α
‖Txn−xn‖22.

We obtain that (‖xn − x∗‖2)n∈N is decreasing and bounded
from below (by 0). Thus,

(1)

(∀x∗ ∈ FixT ) (‖xn − x∗‖2)n∈N converges.
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Fixed point convergence: averaged nonexpansive

As a by-product we obtain
(1− α)/α‖Txn − xn‖22 ≤ ‖xn − x∗‖22 − ‖xn+1 − x∗‖22 and

1− α
α

N∑

n=0

‖Txn − xn‖22 ≤ ‖x0 − x∗‖22 − ‖xN+1 − x∗‖22

Hence, the series
∑

n≥0 ‖Txn − xn‖22 converges implying
xn − Txn → 0.

Since (xnk
)n∈N is bounded, let y∗ be any accumulation

point, i.e., xnk
→ y∗. Since T is 1-Lipschitz,

‖xnk − y
∗‖22 + ‖y∗ − Ty∗‖22 + 2(y∗ − Ty∗)>(xnk − y

∗)

= ‖xnk − Ty
∗‖22

= ‖xnk − Txnk‖
2
2 + ‖Txnk − Ty

∗‖22 + 2(xnk − Txnk )>(Txnk − Ty
∗)

≤ ‖xnk − Txnk‖
2
2︸ ︷︷ ︸

→0

+‖xnk − y
∗‖22 + 2(xnk − Txnk︸ ︷︷ ︸

→0

)>(Txnk − Ty
∗︸ ︷︷ ︸

bounded

)

45/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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Fixed point convergence: averaged nonexpansive

(2)

Any accumulation point of (xn)n∈N is in FixT .

With (1) and (2), we can conclude the uniqueness of the
accumulation point.2

Suppose that xnk
→ x∗ and xnm → y∗.

(2) ⇒ x∗ and y∗ are in FixT .

(1) ⇒ ‖xn − x∗‖2 → L1 and ‖xn − y∗‖2 → L2.

‖xn − x∗‖22︸ ︷︷ ︸
→L2

1

= ‖xn − y∗‖22︸ ︷︷ ︸
→L2

2

+‖y∗ − x∗‖22 + 2(xn − y∗)>(y∗ − x∗)

(y∗ − x∗)>xn → L = 1
2 (L2

1 − L2
2 − ‖y∗ − x∗‖22) + (y∗ − x∗)>y∗.

(y∗ − x∗)>x∗ ←
n=nk

(y∗ − x∗)>xn →
n=nm

(y∗ − x∗)>y∗

‖y∗ − x∗‖22 = 0 ⇒ x∗ = y∗.

2The argument is known as Opial’s Lemma
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Application: TV-`2 deblurring

Deblurring with TV-`2 regularization

min
x∈RN

F (x) = 1
2‖Φx− z‖

2
2 + λ‖Dx‖22

F convex and differentiable.

∇F : x 7→ Φ>(Φx− z) + λD>Dx is L-Lipschitz continuous,
where L = ‖Φ>Φ + λD>D‖2 ≤ ‖Φ‖22 + λ‖D‖22.
For γ ∈

]
0, 2

L

[
, GγF is Lγ

2 -averaged nonexpansive.

FixGγF = arg minF 6= Ø. Why ?

Gradient algorithm

(∀n ∈ N) xn+1 = xn − γ
(
Φ>(Φxn − z) + λD>Dxn

)
.

There exists x∗ ∈ arg minF such that xn → x∗.

Python. TV-l2-image-deblurring
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Appendix: Enhanced Baillon-Haddad3

Theorem

Let F : RN → R be convex and differentiable. Then, the
following are equivalent:

1 ∇F is L-Lipschitz continuous.

2 (∀x, y ∈ RN ) F (x) ≤ F (y) +∇F (y)>(x− y) + L
2 ‖x− y‖

2
2.

3 (∀x, y ∈ RN ) (∇F (x)−∇F (y))>(x− y) ≤ L‖x− y‖22.
4 (∀x, y ∈ RN ) (∇F (x)−∇F (y))>(x−y) ≥ 1

L‖∇F (x)−∇F (y)‖22.

3see, e.g. Bauschke–Combettes (2017)
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Motivation Part I Part II Part III

Appendix: Enhanced Baillon–Haddad (1⇒ 2 & 2⇔ 3)

Dem. 1⇒ 2: Given x and y in RN , define φ : t 7→ F (y + t(x− y)),
which is differentiable, φ′(t) = ∇F (y + t(x− y))>(x− y) (exercise),
φ(0) = F (y) and φ(1) = F (x). Hence, from C-S, Lipschitz cont., and
FTC we have

F (x)− F (y) =

∫ 1

0
∇F (y + t(x− y))>(x− y)dt

=

∫ 1

0
∇F (y + t(x− y)−∇F (y))>(x− y)dt+∇F (y)>(x− y)

≤
∫ 1

0
‖∇F (y + t(x− y)−∇F (y)‖2‖x− y‖2dt+∇F (y)>(x− y)

≤ L‖x− y‖22
∫ 1

0
tdt+∇F (y)>(x− y)

=
L

2
‖x− y‖22 +∇F (y)>(x− y).

Dem. 2⇔ 3: Change the roles of x and y and sum. exercise: ⇐
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Appendix: Enhanced Baillon–Haddad (3⇒ 4 & 4⇒ 1)
3⇒ 4: Using 2 and convexity we have, for every x, y, z in RN

F (x) +∇F (x)>(z − x) ≤ F (z)

F (z) ≤ F (y) +∇F (y)>(z − y) +
L

2
‖z − y‖22

which leads to

F (x) +∇F (x)>(y − x) ≤ F (y) + (∇F (y)−∇F (x))>(z − y) +
L

2
‖z − y‖22︸ ︷︷ ︸

ϕ(z)

.

Since ϕ : RN → R is strongly convex and differentiable, admits a unique minimizer
satisfying (Fermat)

0 = ∇ϕ(z∗) = ∇F (y)−∇F (x) + L(z∗ − y) ⇔ z∗ − y =
1

L
(∇F (x)−∇F (y))

obtaining F (x) +∇F (x)>(y − x) ≤ F (y)− 1
2L
‖∇F (x)−∇F (y)‖22. Changing the

roles of x and y, the result follows.

4⇒ 1: C-S. .
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GγF strict contraction

Theorem

Suppose that

F is differentiable, ρ-strongly convex,

∇F is L-Lipschitz continuous,

0 < γ < 2
L .

Then, GγF is rG(γ)-strict contraction, where

rG(γ) = max{|1− γρ|, |1− γL|} ∈ ]0, 1[ .

Moreover, rG( 2
L+ρ) = min

γ>0
rG(γ) = L−ρ

L+ρ .
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Appendix: Proof

F is ρ-strongly convex ⇔ h = F − ρ
2‖ · ‖

2
2 is convex.

F differentiable ⇔ h differentiable and ∇h = ∇F − ρId.
∇F is L-Lipschitz continuous (B-H)

⇔ (∇F (x)−∇F (y))>(x− y) ≤ L‖x− y‖22
⇔ (∇h(x)−∇h(y)))>(x− y) ≤ (L− ρ)‖x− y‖22
⇔ ∇h is (L− ρ)-Lipschitz continuous.

For every x and y in RN ,

‖GγFx−GγF y‖22 = ‖x− y − γ(∇F (x)−∇F (y))‖22
= ‖(1− γρ)(x− y)− γ(∇h(x)−∇h(y))‖22
= (1− γρ)2‖x− y‖22 + γ2‖∇h(x)−∇h(y)‖22

− 2γ(1− γρ)(∇h(x)−∇h(y))>(x− y)

≤ (1− γρ)2‖x− y‖22
+ γ(γ(L+ ρ)− 2)(∇h(x)−∇h(y))>(x− y)
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Appendix: Proof

Two cases:

If γ < 2
L+ρ : Since h is convex and differentiable, ∇h is

monotone, i.e., (∇h(x)−∇h(y))>(x− y) ≥ 0, obtaining

‖GγFx−GγF y‖22 ≤ (1− γρ)2

︸ ︷︷ ︸
≤rG(γ)2

‖x− y‖22.

If γ ≥ 2
L+ρ : h is convex and ∇h is (L− ρ)-Lipschitz, B-H

implies (∇h(x)−∇h(y))>(x− y) ≤ (L− ρ)‖x− y‖2, which
yields

‖GγFx−GγF y‖22 ≤
(
(1− γρ)2 + γ(L− ρ)(γ(L+ ρ)− 2)

)
‖x− y‖2

= (1− γL)2︸ ︷︷ ︸
≤rG(γ)2

‖x− y‖22.
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1 Motivation

2 Part I: Convex functions in image/signal processing

3 Part II: TV-`2 regularization: smooth convex functions

4 Part III: TV-`1 regularization: nonsmooth convex functions
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Part III:TV-`1 regularization:
nonsmooth convex functions.

1 TV-`1 denoising

Problem
Douglas-Rachford splitting
Application to signals
Dual Forward-Backward-Splitting
Application to images

2 TV-`1 deblurring

Problem
Primal-dual algorithms
Application to images

3 Concluding remarks
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TV-`1 denoising

Suppose that x ∈ RN is the signal/image to be recovered.

z = x+ ε ∈ RN , where ε is a Gaussian noise.

λ > 0

Denoising with TV-`1 regularization

min
x∈RN

F (x) = 1
2‖x− z‖

2
2 + λ‖Dx‖1

Non-smooth convex function. Gradient method not
available.

F ∈ Γ0(RN ) is 1-strongly convex. Then arg minF = {x∗}.
Fermat and Moreau-Rockafellar theorems yields

0 ∈ x∗ − z + λ∂(‖D · ‖1)(x∗) ⇔ x∗ = proxλ‖D·‖1(z).

proxλ‖D·‖1 not easy in general !
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Recall: proximity operator

Let F ∈ Γ0(RN ) and γ > 0

Proximity operator

p = proxγFx ⇔
x− p
γ
∈ ∂F (p)

Property

proxγF is 1/2-averaged nonexpansive

Dem. Let x, y ∈ RN , set p = proxγFx, and q = proxγF y. The
monotonicity of ∂F implies

0 ≤
(
x− p
γ
− y − q

γ

)>
(p− q)

=
1

γ

(
(x− y)>(p− q)− ‖p− q‖22

)
.
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proxγ‖D·‖1 if DD> = µId ?

Suppose that DD> = µId for some µ > 0.

Let x ∈ RN . We have (Moreau-Rockafellar)

p = proxγ‖D·‖1x ⇔ x− p ∈ γ∂(‖D · ‖1)(p) = γD> ∂‖ · ‖1(Dp)︸ ︷︷ ︸
u∈

⇔ (∃u ∈ ∂‖ · ‖1(Dp)) p = x− γD>u.

In addition, since DD> = µId,

Dx−Dp = γ DD>︸ ︷︷ ︸
µId

u ∈ γ DD>︸ ︷︷ ︸
µId

∂‖·‖1(Dp)⇒

{
Dp = proxγµ‖·‖1(Dx)

u = Dx−Dp
γµ .

If DD> = µId

proxγ‖D·‖1x = x− 1

µ
D>(Dx− proxγµ‖·‖1(Dx))
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Reformulation

However, DD> is not diagonal. Python.

In the case of signals: ‖Dx‖1 =
∑N
i=2 |xi − xi−1| =∑N/2

j=1 |x2j − x2j−1|+
∑N/2
j=1 |x2j+1 − x2j | = ‖Dex‖1 + ‖Dox‖1,

where

De =


−1 1 0 0 · · · 0 0
0 0 −1 1 · · · 0 0

...
. . .

...
0 0 0 0 · · · −1 1

 , Do =

0 0 −1 1 · · · 0 0 0
...

. . .
...

0 0 0 0 · · · −1 1 0



DeD
>
e = 2Id and DoD

>
o = 2Id.

Signal denoising with TV-`1 regularization

min
x∈RN

F (x) =
1

2
‖x− z‖22 + λ‖Dex‖1
︸ ︷︷ ︸

f(x)

+λ‖Dox‖1︸ ︷︷ ︸
g(x)
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Reflections

Let f and g be functions in Γ0(RN ).

Problem

min
x∈RN

f(x) + g(x)

Definition: Reflection operator

Rf = 2proxf − Id

Proposition

(∀γ > 0) Rγf is nonexpansive (1-Lipschitz)

Dem.

‖Rfx−Rfy‖22 = 4(‖proxfx− proxfy‖22 − (proxfx− proxfy)>(x− y))

+ ‖x− y‖22
≤ ‖x− y‖22

60/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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Reflections

Example: f = ιC . Then proxf = PC y Rf = 2PC − Id.
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Reflections

Proposition

If z∗ ∈ FixRfRg, then proxgz
∗ ∈ arg min(f + g)

Dem.

z∗ = RfRgz
∗ ⇔ z∗ = 2proxf (2proxgz

∗ − z∗)− 2proxgz
∗ + z∗

⇔ proxf (2proxgz
∗ − z∗) = proxgz

∗

⇒

{
(2proxgz

∗ − z∗)− proxgz
∗ ∈ ∂f(proxgz

∗)

z∗ − proxgz
∗ ∈ ∂g(proxgz

∗)

⇔

{
proxgz

∗ − z∗ ∈ ∂f(proxgz
∗)

z∗ − proxgz
∗ ∈ ∂g(proxgz

∗)

⇒ 0 ∈ ∂f(proxgz
∗) + ∂g(proxgz

∗)

⇒ proxgz
∗ ∈ arg min(f + g).
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Reflections

Problem: zn+1 = RfRgzn does not converge.

Example: f = ιD and g = ιC .

T = RfRg is (merely) nonexpansive (1-Lipschitz)
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T nonexpansive with FixT 6= Ø

Let T : RN → RN be nonexpansive.

FixT 6= Ø.

Then, defining

(∀α ∈ ]0, 1[) Tα = (1− α)Id + αT,

we have (exercise)

Tα is α-averaged nonexpansive.

FixTα = FixT 6= Ø.

Then

Krasnoselskii-Mann (KM)

(∀n ∈ N) zn+1 = (1− α)zn + αTzn,

There exists z∗ ∈ FixT , such that zn → z∗.
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Douglas-Rachford splitting (DRS)

DRS: KM with T = RγfRγg and α = 1/2

(∀n ∈ N) zn+1 =
zn +RγfRγgzn

2
= proxγf (2proxγgzn − zn) + zn − proxγgzn

There exists z∗ ∈ FixT , such that zn → z∗ and
proxγgz

∗ ∈ arg min(f + g).
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DRS for TV-`1 signal denoising

Signal denoising with TV-`1 regularization

min
x∈RN

F (x) =
1

2
‖x− z‖22 + λ‖Dex‖1
︸ ︷︷ ︸

f(x)

+λ‖Dox‖1︸ ︷︷ ︸
g(x)

f = 1
2‖ · −z‖

2
2 + λ‖De · ‖1 and g = λ‖Do · ‖1 are convex

nonsmooth.

Proximity operators simple to compute (Done for g !)

Python. Signal denoising
Same argument/formulation is no longer valid for images, since
D = [D1;D2]...
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Fenchel conjugate

Let f ∈ Γ0(RN ).

Fenchel conjugate

(∀y ∈ RN ) f∗(y) = supx∈RN

(
x>y − f(x)

)
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Fenchel-Rockafellar duality

Denoising with TV-`1 regularization

min
x∈RN

F (x) =
1

2
‖x− z‖22
︸ ︷︷ ︸

f(x)

+λ‖Dx‖1︸ ︷︷ ︸
g(Dx)

Primal: (P ) min
x∈RN

f(x) + g(Dx)

Dual: (D) min
u∈RN

f∗(−D>u) + g∗(u)

Both values coincide.

u∗ solves (D), then x∗ = ∇f∗(−D>u∗) solves (P).4

4Proposition 19.4, Bauschke-Combettes (2017)
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Dual of TV-`1 denoising

f∗(y) = 1
2‖y + z‖22

g∗(u) = ιλB∞ , where B∞ = [−1, 1]N .

Dual TV-`1 regularization

min
u∈RN

1

2
‖ −D>u+ z‖22
︸ ︷︷ ︸

ϕ(u)

+ ι[−λ,λ]N (u)
︸ ︷︷ ︸

ψ(u)

ψ = ι[−λ,λ]N convex nonsmooth.

ϕ = 1
2‖ −D

> ·+z‖22 convex differentiable, and
∇ϕ : u 7→ D(D>u− z) is ‖D‖22 Lipschitz continuous.

But no strong convexity... not necessarily unique solution.
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Fermat to fixed points

Denoising with TV-`1 regularization

ϕ convex differentiable with L-Lipschitz gradient.

ψ ∈ Γ0(RN ).

min
u∈RN

ϕ(u) + ψ(u)

Fermat and M-R imply, for every γ > 0,

u∗ ∈ arg min(ϕ+ ψ) ⇔ 0 ∈ ∇ϕ(u∗) + ∂ψ(u∗)

⇔ u∗ − γ∇ϕ(u∗) ∈ u∗ + γ∂ψ(u∗)

⇔ u∗ = proxγψ
(
u∗ − γ∇ϕ(u∗)

)

⇔ u∗ ∈ FixTγ,ψ,ϕ

Tγ,ψ,ϕ = proxγψ ◦Gγϕ
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Forward-backward algorithm

Let γ < 2/Lϕ. Then Gγϕ is γLϕ/2-averaged nonexpansive.

Let γ > 0. Then proxγψ is 1/2-averaged nonexpansive.

If S1 and S2 are averaged nonexpansive, respectively, then
T = S1 ◦ S2 is averaged nonexpansive for some α ∈ ]0, 1[
(Appendix).

Tγ,ψ,ϕ = proxγψ ◦Gγϕ is averaged nonexpansive.

Forward-backward splitting (FBS)

(∀n ∈ N) xn+1 = proxγψ(xn − γ∇ϕ(xn))

Then xn → x∗ ∈ arg min(ψ + ϕ).
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Dual FBS

Dual TV-`1 regularization

min
u∈RN

1

2
‖z −D>u‖22
︸ ︷︷ ︸

ϕ(u)

+ ι[−λ,λ]N (u)
︸ ︷︷ ︸

ψ(u)

Dual FBS

Let γ ∈
[
0, 2
‖D‖22

[
.

(∀n ∈ N) un+1 = P[−λ,λ]N (un − γD(D>un − z))

Then un → u∗ solution to (D) and x∗ = z −D>u∗ ∈ arg minF .

Python. Image-TV-l2-grad-theo-vs-num
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TV `1 deblurring

Suppose that x ∈ RN is the signal to be recovered.

z = Φx+ ε ∈ RN , where ε is a Gaussian noise and Φ is a
blur operator.

λ > 0

Deblurring with TV-`1 regularization

min
x∈RN

F (x) = 1
2‖Φx− z‖

2
2 + λ‖Dx‖1

Non-smooth convex function. Gradient method not
available.

F ∈ Γ0(RN ) not strongly convex unless Φ injective.

Fermat and Moreau-Rockafellar theorems yields

0 ∈ Φ>(Φx∗ − z) + λD>∂(‖ · ‖1)(Dx∗)

Primal-dual algorithms !
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Primal-dual splitting (PDS)

Problem

f ∈ Γ0(RN ), g ∈ Γ0(RM )

D is a M ×N real matrix

h is convex, differentiable, and ∇h is L-Lipschitz cont.

(P ) min
x∈RN

f(x) + g(Dx) + h(x)

Condat-Vũ (2013)

x0 ∈ RN , u0 ∈ RM , and σ‖D‖2 < 1
τ −

L
2

(∀n ∈ N)

{
xn+1 = proxτf (xn − τ(∇h(xn) +D>un))

un+1 = proxσg∗(un + σL(2xn+1 − xn).

Then, there exists x∗ solution to (P) and u∗ solution to (D)
such that xn → x∗ and un → u∗.
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Application: TV-`1 deblurring

Deblurring with TV-`1 regularization

min
x∈RN

F (x) =
1

2
‖Φx− z‖22
︸ ︷︷ ︸

h(x)

+λ‖Dx‖1︸ ︷︷ ︸
g(Dx)

PDS to TV-`1 deblurring

(∀n ∈ N)

{
xn+1 = xn − τ(Φ>(Φxn − z) +D>un))

un+1 = prox[−σλ,σλ]N (un + σD(2xn+1 − xn).

Python. TV-l2-image-deblurring-l1.
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Concluding remarks

In this lecture, we have presented different algorithms (and
their convergence) for image denoising/deblurring.

As the model becomes more complex, the algorithms for
solving it increases their complexity.

The algorithms presented for the more complex models also
can be used for simpler ones.

Recent comparisons show that the use of proximity operators
instead of gradient steps leads to more efficient algorithms.

The regularization ‖Dx‖1,2 can be replaced by other regular-
ization terms, including wavelets, nuclear norm, etc. which
need more complicated algorithmic structures.
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Vũ., B. C., A splitting algorithm for dual monotone inclusions involving
cocoercive operators, Adv. Comput. Math. 38, pp. 667–681, (2013).

79/ 80 L. M. Briceño-AriasUniversidad Técnica Federico Santa Maŕıa
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