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Denoising and/or Deblurring
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Denoising models
N: dimension (signal) or pixels (image N =m X n).
z € RYN: observed image/signal (noisy).

7 € RY: image/signal to recover.

e 6 o o

e € RY: additive noise (random gaussian variable).

Denoising optimization problem
eorre min | — 2| + R(z)
T€RN

R: RN — ]—o00, +oo]: regularization term depending on z.

If R = 0, the unique solution is z = z.
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Deblurring/denoising models
N: dimension (signal) or pixels (image N =m X n).
®: N x N blur matrix.

z € RYN: observed image/signal (noisy).

e 6 o o

7 € RY: image/signal to recover.

e € RY: additive noise (random Gaussian variable).

Deblurring/denoising optimization problem

z=Px +¢ J

1
min —||®x — z||2 + R(z
min, 7|02 — 2[3 + R()

R: RN — ]—o00, +o0]: regularization term depending on z.

o If R =0 and @ is invertible, the unique solution is
x=>o"1z.
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Discrete gradient in regularizations

o In the case of signals = € RV, the discrete gradient is

0 o 0 --- 0 0 0
-1 1 o .- 0 0 xro — T1

D= 0 -1 1 .- 0 0 . Dz= T3 — T2 c RN,
0 0 o --- -1 1 IN —TN_1

o The discrete gradient operator in the case of images is

D,
D =
where D; and Dy are N x N real matrices considering hor-
izontal and vertical differences at each pixel, respectively.
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Discrete gradient in regularizations
Python. Dgrad.
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Regularizations and main problem

Given A\ > 0, in this lecture we will study images/signals whose
Dz is small (piecewise constant).

e R =A|D - |1: TV-£; regularization. = nonsmooth convex

e R = \||D-|j3: TV-{3 regularization. = smooth convex

R=goD, where g € {A]l - |1, All - 13} )

Main problem

1
in F(z) = =||Az — z||3 + g(D
ity ) = 5 [Ae = 2l -+ 6]

o A =1d if denoising. = strongly convex

o A = & if deblurring. = convex
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@ Motivation
@ Part I: Convex functions in image/signal processing
@ Part I1: TV-/, regularization: smooth convex functions

@ Part I11: TV-¢; regularization: nonsmooth convex functions
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Part I: Convex functions in
image/signal processing

@ Existence and uniqueness
@ F smooth: gradient

o I convex
o F strongly convex

® F nonsmooth: subdifferential

e Proximity operator
o Examples
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Convex optimization problems

Problem (P)

min F'(x).
RN ()

o F: RV 2 R:=RU{+o0} is
o convex : (Vz,y € RV)(VA € [0,1])
Flz + Ay — o)) < F(z) + \(F(y) — F(x).
o lower semicontinuous (l.s.c):
(Vy >inf F) {2z €RY | F(z) <~} is closed.
e proper: F is not always +o0o and never —oo.

o I'o(RY): Class of functions satisfying above conditions.



Examples of functions in T'g(RY)

o Differentiable convex functions: z+ €%, z+— ||z||3,...

F(z+ My —x)) < F(2) + MF(y) - F(«))
—_—

e Non-smooth convex functions: = +— |z,
x +— max{0,z},...
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Examples of functions in T'g(RY)

e Discontinuous convex functions: C C R¥ is closed
and convex.

( Indicator function )
() 0, ifx e C;
o(z) =
© +00, otherwise.
\§ C J

o Constrained convex functions: Let f € I'o(R"Y) and C
be closed and convex:

F<w>={f(””)’ Trel _po) v

400, otherwise.
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Examples of functions in T'g(RY)

o If f and g are in To(RY), we have f + g € To(RY).
o If g € To(RM), and L: RY — RM is linear (M x N
matrix), then g o L € T'o(RY). Dem.

e In particular,
||33||1 = |I1H-|ZE2|—I—- . "HCUN| and ||CC||% = CC%—f-l‘g—i—- . ’_’_x?\/
are in FQ(RN) Dem. N = 1.

Exercise
(VA e[0,1)) (1-Nz+Xyl3 = (1—/\)|le|§+A||y||§—A(l—A)IIw—yllg-J

e R=goL and f:z— 5|Az— 2|3 are in To(RM).
o F:xw f(z)+ g(Lz) is also in ['o(RY).
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Existence of solutions

Let F € To(RY) be coercive, i.e.,

lim F(x) = +oco.
[[z]| =00

Then argmin F = {z* € RN | (Va € RY) F(z*) < F(2)} # @.

Dem. We have

arg min F' = ﬂ {z eRN | F(z) <~}

~>inf F

and coercivity implies that {z € RY | F(z) < v} is bounded (and
closed). Intersection of nonempty compact sets is nonempty. O
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Strong convexity and uniqueness of solutions

e F is B-strongly convex for some § > 0 if F' — g” |13 is
convex.
e Strongly convex functions are coercive.

Exercise
F is B-strongly convex < (Vx,y € RV)(VA € [0,1])
F(z+ Ay —2)) < F(z) + A(F(y) — F(2)) = A1 = V)|z - yll3.

Uniqueness of solutions

Suppose that F' € To(RY) is B-strongly convex (8 > 0). Then
arg min F' is a singleton.

Dem. Existence is ok. Suppose that {z*,y*} C argmin F, z* # y*.

F@* 4\ —a%)) < F) + ME) — FE) — SA1 -Vl g3

<Fz*)=Fy") =< L.
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F differentiable

e Forallic {l,...,N},lete!=(0,..., 1 ,...,0)"T € RV,
~—~

i

o Forallz ¢ RV and i€ {1,...,N},

F F H_F
OF (z) = lim (z + te’) (2) when the limit exists.

o VF(z) = (8F(x) 8F(x))T € RY: gradient of F at .

&m ’ ’ (9:EN
o I is differentiable: OF (z) OF (z) are continuous.
ox1 oxrn
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Exercises

o Prove that F: x v ||x]|3/2 is differentiable and VF(z) = .
@ Suppose that [ is differentiable. Prove that

(VheRY) lim F(z +th) — F(x)

t—0+ t

= VF(z)"h.

@ Suppose that F' is differentiable and let x* € argmin F.
Prove that VF(z*) = 0.
e (Chain’s rule) Suppose that

o f:RY = Rand g: R — R are differentiable.
e Lisa M x N real matrix.
o F=f+golL.

Prove that F' is differentiable and
(Vz € RY) VF(x)=Vf(z)+ L'Vg(Lx).
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F differentiable and convex
F(z)+ VF(z)" (y—z) < F(y)
(VF(x) - VF(y)) (& —y) > 0.

Dem. Let z and y in RY. From convexity, we have, for every
A €[0,1],

(Vo € RN)(Vy € RY) {

F(z+ Xy —1z)) — F(x)
X <

—>VF(x)T(y—9c) \es2 y=t(a) + e x- @)

Previous property implies

Fermat’s Theorem (diff)
¥ €argmin FF & VF(z*)=0 J B
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I differentiable and strongly convex

Since F — g” - |2 is convex and differentiable:

Exercise

Suppose that F' is differentiable. Prove that F'is S-strongly
convex <

F(z) + VF(2)T(y = 2) + £l — yl}3 < F(y)

Vz RN v RN
(Vz € RT)(vy € RT) {(vF(x)—VF(y))T(x—y)25||$_y“§
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Example

e Suppose that T = 0 € RY is the signal to be recovered.
o z=7+e=c¢ € RY is a Gaussian noise (known).
e A>0

Denoising with ¢y regularization

min F(z) = Lz — 2||2 + \|z|2
i (z) =3l 15 + Allzll3

F € To(RM) and is (A + 1/2)-strongly convex. Therefore, there
exists a unique solution z*. By Fermat’s Theorem (diff)

{z*} =argmin F & 0=VF(z") =z" —z+ \z*
z
L+ X

e a—

Python. Signal denoising.
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F' convex nonsmooth
Subdifferential of F'
oF: RN — 28" = p(RY)
x {UGRN | (Vy eRY) Fz)+u'(y—z) < F(y)}

if x> 0;

Example: |z| = “ 1 220
—x if x <O.

{1}, if x > 0;
o-|re—[-1,1], ifx=0 === %
{-1}, ifz<0.
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Subdifferential properties

Exercise
If F is differentiable, then, for every z € RV, 0F(x) = {VF(a:)}J

Dem. Let u € OF (x), let h € RN, and let t > 0. Set y = x + th

uTh < F(x +th) — F(x)

< , — VF(@)Th= (u—VF(z)Th<0. O

Monotonicity of OF
For every = and y in RY, v € F(x), and v € OF(y),

(u—v)"(z—y) 2 0.

When F is differentiable, it reduces to monotonicity of the gradient.
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F' convex

o If F'is convex and non necessarily differentiable, we have

Fermat’s Theorem
x €argminF < 0€JF(x) J

Dem. 0 € 9F(z) & (VyeRY) F(x)+0"(y—x) < F(y) 0.

Moreau-Rockafellar’s Theorem

Suppose that g: RM — R is continuous, L is a M x N real
matrix, and set F' = f + go L. Then®

(Vz € RN) OF(z) = df(z) + L' dg(Lzx).

“L(C) = {La | x € C}.

Dem. Hahn-Banach’s Theorem.
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F' convex nonsmooth

If F=f+4+goL and f and g are differentiable, then F'is
differentiable and Moreau-Rockafellar’s Theorem becomes

(Ve € RY) {VF(x)} = {Vf(2)} + L' {Vg(La)},

which is equivalent to chain’s rule.
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Proximity operator

Suppose that F € To(RY).

Proximity operator of F

proxp: o — argmin F(y) + 3|ly — z||3
yeRN

Example: F = ¢

Projection

prox, . = Pox = argergin Hly — z||2.
y
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Proximity operator

o Since F + | - —x||3/2 € To(RY) is strongly convex,
argmin(F + || - —z||3/2) = {p*} and proxy is well defined.

o By Fermat’s and Moreau-Rockafellar’s Theorems:
0€(F + |- —zl3/2)(p*) = OF (") + {p* — 2}
e Then p* = proxp(x) is the unique solution to the inclusion
x € p*+0F(p*) = (Id+ 0F)(p")

or, equivalently,

[ proxp(z) = (Id + 9F) ! (z). j
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Example: smooth thresholder
Set A>0and F=\|-|.

Proximity operator of A| - |

{rY,  ifp>0;
D = proxy. < T—pE )‘8| ’ |(p) = [_>‘7 >‘]a if p=0;
{=A}, ifp<o.

o Ilfp>0,thenzx—p=XAandp=xz— X >0.
o Ifp<O,thenz—p=—-Aandp=x+ A <O0.
o Ifp=0,thenz —p=ux€[-\A\.

x— A, if z > )
prox,|(z) = 0, if x € [\ A
4+ A if z <A
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Example: smooth thresholder

||

A9 |

A
Id+ A9 - |

a1-1(0) = [-1,1]

e

roxy., = (Id + 9| - nt

e
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Exercise

For every i € {1,...,N}, let f; € To(R). Define
F:RY 5 RU{+o0} as

N
(Vo = (wi)i<ien €RY) F(a) = fi(z:).
=1

Prove that

(Vz = (zi)1<i<y € RY)  proxpz = (prox,m;)1<i<n-
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Example

e Suppose that T =0 € R is the signal to be recovered
(sparse).

o 2 =T +¢e=c € RY is a Gaussian noise (known).

e A>0

Denoising with ¢ regularization

min F(z) = |z — 2|2 + M|z
min F(z) = bl - 2[5 + Al

Since F' is strongly convex, there exists a unique solution z*.
By Fermat’s Theorem and A|| - ||1: = +— Efil A|z;|, we have

{2*} =argmin I’ & 2" = prox, |,z = (Proxy|.|2i)1<i<N-

Python. Signal denoising.
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@ Motivation
@ Part I: Convex functions in image/signal processing
@ Part I1: TV-/, regularization: smooth convex functions

@ Part I11: TV-¢; regularization: nonsmooth convex functions
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Part II
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Part 11: TV-£, regularization:
smooth convex functions.

@ TV-{y denoising
e Problem
e Fixed point theory: Banach-Picard’s theorem and strict
contractions
e Application: Gradient algorithm
@ TV-/5 deblurring
e Problem
o Fixed point theory: Opial’s Lemma and averaged
nonexpansive ops.
o Application: Gradient algorithm

® Appendix
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TV-{5 denoising

e Suppose that 7 € RY is the signal /image to be recovered
(piecewise constant).

@ z =T+ ¢, where € is a Gaussian noise, and A > 0.
Denoising with TV-/5 regularization

min F(z) = ||z — 2|2 + \||Dz||?
e (z) = 3l 15 + AllDz |3

Since F' is differentiable and 1-strongly convex, Fermat’s
theorem and chain’s rule yield

{z*} =argmin F & 0=21" -2+ D" Da* = VF(z*)
& z=(Id+AD"D)z*
& 2 =(d+AD'D)" 1z

(Id + ADT D)~ costly if N large (Python.) = Algorithms !
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From Fermat to fixed points
o [F differentiable and convex and v > 0.
¥ €argminF < 0=VF(z")

& zf=1"—~VF(z")
& 2 =G px”

Gradient operator

Gyrx = — YV F(x).
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Part II

Definition
Let L >0 and let T: RN — R,
o T is L-Lipschitz continuous if
(Va,y € RY) [Tz — Tyll2 < Lilz — yll2.
e T is a strict contraction if it is L-Lipschitz with L € ]0,1[.
o FixT = {z e RY |  =Tx}: fixed points of T.

Banach-Picard’s theorem

e Suppose that T: RY — R is a strict contraction with
constant L € [0,1].
o Let 20 € RN and (Vn € N) z,41 = Tzy.
Then FixT = {z*} and (Vn € N) |z, — 2*||2 < L™||zo — z*||2.
Hence, z,, — x* with linear convergence rate L.

v
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Proof of Banach-Picard’s Theorem
Dem. For every m > n,
|Zm = Znll2 < Tm — Tmo1llz + -+ [[Tng1 — a2
<N Txm-1—TTm—2|2+ -+ [|[Txn — Txpn_1|l2
< (L2 4 LYz — 20]|2
= (L"_1 — Lm_l)/(l — L)||lx1 — zol|]2 = 0,m,n = +o00

o (zp)nen is a Cauchy sequence, hence it converges to z* and
% = Tz < [l2" — znll2 + [[T2n-1 — Tzl
< |l2” = znll2 + lzn-1 — 2%[l2 = 0.

e Then z* € FixT. Uniqueness (exercise).
© |[zn —a*|la = [[Ten1 — Ta*|l2 < Lllzp1 — 2%l <+ <
LnHZ‘o — l‘*Hg L]
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G, r strict contraction

Theorem

Suppose that
e F is differentiable, p-strongly convex,
e VF is L-Lipschitz continuous,
e 0<y< %

Then, G,F is rg(y)-strict contraction, where

ra(y) = max{|l —vpl, |1 — L[} €]0,1].

» 2 — 3 . —
Moreover, 7g(m) = ggronG(fy) = 175.

Dem. See Appendix.
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Application: TV-£y denoising

Denoising with TV-¢5 regularization

min F(x) = Lz — 2|2 + \||Dz||?
min F(z) = o - 2[5 + Al Dal3

o VI:x+sx—z+AD" Dxis (14 \|D||2)-Lipschitz cont.!
e F'is 1-strongly convex.

o If v€]0,2/2+ A|D|3)], Gyr =Id —yVF is a
max{|1 — 7|, |1 — (1 + X||D||3)|}- strict contraction.

rG ()
Gradient algorithm

(Vne€N) 2,11 =zn —v(@n — 2+ ADT Dzx,).
Then [|lz, — 2™ < ra(7)"[lzo — 2||.

Python. Signal-TV-12-grad-theo-vs-num & Image#

HDJ2 = max|g|=1 || Dzll2 = v/ Amax (DT D).
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TV-{5 deblurring

e Suppose that € RY is the signal /image to be recovered
(piecewise constant).

o z = ®T + ¢, where ¢ € RV is a Gaussian noise and ® is a
blur operator.

Deblurring with TV-¢5 regularization

min F(@) =}z — 2| + X Dal}

Since F is differentiable and convex (not strongly convex unless ®
injective), Fermat’s theorem and chain’s rule yield

¥ cargminF & 0=&"(®2* — 2) + A\D" Da* = VF(z*)
& 0'z=(@"d+ D" D)z
& 2r=(@' o+ AD'D)'OT 2
(@T® + ADT D)~ difficult/costly (Python.) = Algorithms !
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Gradient operator without strong conv.

e Since F is differentiable and convex, we already know that

z* €argminFF & 2* € FixGyp = (Id —yVF) |

e Since I is not strongly convex, G is no longer a strict
contraction and Banach-Picard’s theorem does not
guarantee the convergence of the gradient method.

e Still, we have (see Appendix)
Baillon-Haddad (1977)

o F:RY — R be convex differentiable.

e VF is L-Lipschitz continuous (L > 0).

Then, for all  and y in RV,
(VF(2) = VF(y)) (z —y) > LIIVF(z) - VF(y)|*

v
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Gradient operator without strong conv.

|Gyrz — Gyryll3 = |z — yll3 + ¥?IVF(z) — VF(y)|3
—29(VF(z) = VF(y)) " (x — y)

2
< lle=yl3 =7(5 =) IVF@ - VF@)I
_ Ly

=5l AVE ()= 9VE ()13
2 1d—G.p 1d—Gop

= vyl - (

Definition
T is a-averaged nonexpansive (a € |0, 1[) if for every z,y € RY,
—«
1Tz — Tyll3 < |l - yll3 - I(1d = T)z — (Id = T)y| 3.

«
In particular, T is nonexpansive (i.e., 1-Lipschitz cont.)

e Then G,F is Lvy/2-averaged nonexpansive if 0 <y < 2/L.
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Fixed point convergence: averaged nonexpansive

Theorem
e T is a-averaged nonexpansive with Fix 7" # 0.
o Let zg € RN and (Vn € N) z,41 = Ty
Then, there exists z* € FixT such that z, — x*.

Dem.

o For every z* € FixT and n € N, the av. nonexpansive
property implies

11—«

|zns1-2"3 = | Ten T3 < |zn—a"|5~ 1T 2n—n 3.

e We obtain that (||z, — 2*||2)nen is decreasing and bounded
from below (by 0). Thus,

(1)
(Vz* € FixT) (||xn, — *||2)nen converges. J
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Fixed point convergence: averaged nonexpansive

@ As a by-product we obtain
(1 —a)/a| Tz, — zn|3 < |20 — 2*[|3 = [|2ns1 — 2*[|3 and

11—«

N
DT = zall3 < llzo — 2713 = lon+1 — |3

«
n=0

o Hence, the series }, < [Tz, — T,||3 converges implying
Ty — Tz, — 0.

e Since (zn, )nen is bounded, let y* be any accumulation
point, i.e., x,, — y*. Since T is 1-Lipschitz,

n, =y 113 + Iy = Ty*lI3 +2(y* = Ty") " (@n, — ")
= llen, — Ty*|I3
= @y, = Tony |13 + 1 T2n), = Ty* |13 + 2(xn), — Tny,) " (Tzn, — Ty")
< llen, = T, I3 +llzn, =y 3 + 2(@n,, — Ten,) " (Tn, —Ty")

—0 —0 bounded
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Fixed point convergence: averaged nonexpansive

(2)
Any accumulation point of (zy,)nen is in Fix T
e With (1) and (2), we can conclude the uniqueness of the
accumulation point.?
e Suppose that z,, — z* and z,,, = y*.
@ (2) = z* and y* are in FixT.
o (1) = ||lzp — x*||2 = L1 and ||z, — y*||2 — Lo.
o [ln — 2" I3 = flon — I3 +ly" — 213 + 2(wn — y*) T (y" — @)

— L2 —L32
o (v —a*)Twy > L=3(LF — L — [ly* — 2*[13) + (y" — ™) Ty
° (y* _ x*)TI* i_ (y* _ x*)Txn j (y* _ x*)Ty*
n=npg n=nm

o |y —2*|3=0 = 2*=y*. O

2The argument is known as Opial’s Lemma
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Application: TV-£y deblurring

Deblurring with TV-¢5 regularization

min F(z) = L||®x — z||2 + \||Dz||2
min F(z) = 4182 - 2[ + Al Da

e F convex and differentiable.

o VF:z+s @' (dx —2) + AD" Dz is L-Lipschitz continuous,
where L = [|®T® + ADTD|y < ||®||2 + || D|]3.

o For v € ]0, %[, G, is %—averaged nonexpansive.

o FixG,p = argmin F' # @. Why 7

Gradient algorithm

(W eN) zpy1 =z, — (2T (P2, — 2) + AD Day,).
There exists z* € argmin F' such that z, — z*.

Python. TV-12-image-deblurring
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Appendix: Enhanced Baillon-Haddad?

Theorem

Let F: RY — R be convex and differentiable. Then, the
following are equivalent:

@ VF is L-Lipschitz continuous.

@ (Vo,y €RY) F(z) < F(y)+VF(y) (z —y)+ 5l —yli.

© (Vz,y eRY) (VF(z) = VF(y) (z—y) < Lljz - yll3.

@ (Vz,y eRY) (VF(z)-VF(y)) (z—y) > £|[VF(z) = VF(y)ll3.

3see, e.g. Bauschke-Combettes (2017)
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Appendix: Enhanced Baillon-Haddad (1 = 2 & 2 < 3)

Dem. 1 = 2: Given z and y in RY | define ¢: t — F(y +t(x — y)),

which is differentiable, ¢/(t) = VF(y + t(x —y)) " (z — y) (exercise),

¢(0) = F(y) and ¢(1) = F(x). Hence, from C-S, Lipschitz cont., and
we have

1
F(z) - F(y) = /0 VE(y+t@ — )T (z - y)dt
1
- /0 VF(y +t(z —y) — VFw) T (@ — y)dt + VF() T (z - y)
1
< /O IVE( + 1z — 5) — VE@) alle — yll2dt + VF() T (@ — )
1
<Ll -yl [ tde+ VFG) (@ - y)
(0]
= Sl — o3+ VF@) @ - )

Dem. 2 < 3: Change the roles of x and y and sum. exercise: <
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Appendix: Enhanced Baillon-Haddad (3 = 4 & 4 = 1)

3 = 4: Using 2 and convexity we have, for every z,y, z in RV

F(z)+ VF() (z —z)

IN

F(z)

L
F(z) < Fly)+VF@) -y +lz-yl}
which leads to

F(z) + VF(2) " (y —2) < F(y) + (VF(y) = VF(2) " (z —y) + gllz ~yl3.

p(z)

Since ¢: RN — R is strongly convex and differentiable, admits a unique minimizer
satisfying (Fermat)

0= Vip(z*) = VF(y) = VF(@) + L(z" —y) & 2" —y = —(VF(z) - VF(y))

1
L
obtaining F(z) + VF(z) T (y — 2) < F(y) — i |VF(z) — VF(y)||2. Changing the
roles of x and vy, the result follows.

4=1: C-S. .

50/ 80



Part II
O00@000

G, r strict contraction

Theorem

Suppose that
e F is differentiable, p-strongly convex,
e VF is L-Lipschitz continuous,
e 0<y< %

Then, G, is rg(y)-strict contraction, where

ra(y) = max{|l —vpl, |1 — L[} €]0,1].

» 2 — 3 . —
Moreover, 7g(m) = ggronG(fy) = 175.
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Appendix: Proof

o F is p-strongly convex < h = F — £|| - ||3 is convex.
o F' differentiable < h differentiable and Vi = VF — pld.
e VF is L-Lipschitz continuous (B-H)
& (VF(z) = VF(y)) ' (z —y) < Lllz — yl3
& (Vh(z) = Vh(y))) (= —y) < (L= p)]|z —y3
& Vhis (L — p)-Lipschitz continuous.
For every z and y in RY,
1Gypa — Gopylll =z —y = ¥(VEF(2) = VE(y))3
= (1 =vp)(x —y) = 1(Vh(z) = Vh(y))ll3
= (1 =90)°llz = yl3 + V*IVh(z) = VAy)|3
= 29(1 = 9p)(Vh(z) = Vh(y)) " (z — y)
< (1=vp)?lz —yli3
+7(V(L +p) = 2)(Vh(z) = Vh(y)) " (z — y)
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Appendix: Proof

Two cases:
o If v < L%Lp: Since h is convex and differentiable, Vh is
monotone, i.e., (Vh(z) — Vh(y))" (z — y) > 0, obtaining

IGyrz = Gyrylls < (L—7p)° [l — yll3.
N——

<ra(7)?
o If v > ;%= his convex and Vh is (L — p)-Lipschitz, B-H
implies (Vh( ) = Vh(y)" (@ —y) < (L= p)llw —y|*, which

yields

1Gyre = Grpylly < (1= 70)? + (L = )AL+ p) - 2)) & — g
= (1D’ e -y} O
—_———

<rg(v)?
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@ Motivation
@ Part I: Convex functions in image/signal processing
@ Part I1: TV-/, regularization: smooth convex functions

@ Part I11: TV-¢; regularization: nonsmooth convex functions
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Part 111: TV-¢; regularization:
nonsmooth convex functions.

@ TV-/; denoising

Problem

Douglas-Rachford splitting
Application to signals

Dual Forward-Backward-Splitting
Application to images

@ TV-/; deblurring
e Problem

e Primal-dual algorithms
e Application to images

® Concluding remarks
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TV-{; denoising

e Suppose that Z € R is the signal/image to be recovered.
o z=7+¢ € RV, where ¢ is a Gaussian noise.
e A>0

Denoising with TV-¢; regularization

min F(z) = ||z — z||2 + M| Dz
min F(z) = 4o 2 + Al Dall

@ Non-smooth convex function. Gradient method not
available.

o F € Ty(RYN) is 1-strongly convex. Then arg min F' = {z*}.
o Fermat and Moreau-Rockafellar theorems yields

O€a” —z+20(|D- 1)) & 27 = proxyp., (2).

® prox,|p.|, not easy in general !

56/ 80



Part III
0000000000000 0000

Recall: proximity operator

Let F € To(RY) and v > 0
Proximity operator

r—p

p = Prox,pr < € 0F(p)

Property

prox, p is 1/2-averaged nonexpansive

Dem. Let z,y € RV, set p = prox, pz, and ¢ = prox, py. The
monotonicity of OF implies

0< (x;p—y;q)T@—q)

:%«x—wT@—q%ﬁm—q%)
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proxp., if DD" = pld 7

e Suppose that DD = uld for some p > 0.
o Let 2 € RY. We have (Moreau-Rockafellar)

p =prox,p,& & —p€ed(|D-[l)(p)=~D" | -|:(Dp)
—_———
ue

& (Bued| ||(Dp) p=z—~D w.

e In addition, since DDT = uld,

:C—Dp
Yo

Dz —Dp=~DD"uec~yDD"d||1(Dp) =
pld pld

If DD = uld

{DP PrOXy ) (D)

1
pI‘OX,Y||D“|1{E =35 = ;DT(DLE — prOX'YNH‘”l(D:C))
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Reformulation

e However, DD is not diagonal. Python.
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Reformulation

e However, DD is not diagonal. Python.
o In the case of signals: ||Dz||; = 2512 |z — 21| =

N/2 N/2
Zj:/l |zo; — xoj—1| + ij/l |Z9j41 — 225 = || Det||1 + || Do,
where

E TR S0 11 0 00
De = aDO:

o D.D] =2Id and D,D/] = 2Id.

Signal denoising with TV-¢; regularization

. 1
min F(z) = =& — 2|3 + M| Dez|l1 + M| Doz |1
zeRN 2 L N—

fz;) g(x)
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Reflections

Let f and g be functions in I'g(RY).

Problem Definition: Reflection operator
iy f(@) + g(z) Ry = 2prox; — Id
Proposition
(Vy > 0) R,¢ is nonexpansive (1-Lipschitz)

Dem.

|Rsz — Rypyll3 = 4(|[prox,z — proxyl|3 — (prox,z — prox;y) ' (z — y))
+ [z —yl3
<Jz—yll; O
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Reflections
Example: f =.c. Then prox; = Poy Ry =2Pc — Id.
Rx=2Px-x

2P ox-x=Rcx
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Reflections

Proposition
If 2* € Fix Ry Ry, then prox,z* € argmin(f + g) J

Dem.
2" =RyRy2" & 2" = 2prox;(2prox 2" — z") — 2prox,z* + 2"
& prox;(2prox,z”" — z*) = prox,z"

N (2prox 2™ — 2*) — prox z* € 0f(prox,z*)
z* — prox,z* € dg(prox,2*)

o prox,z* — z* € df(prox,z*)
2" — prox,z* € dg(prox,z*)

= 0 € df(prox,z") + dg(prox,z*)
= prox, 2" € argmin(f + g).
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Reflections

e Problem: z,11 = RfRyz, does not converge.

e Example: f=1.p and g = ¢¢.

RpRcx Rcx
e e
D
Cc
° ]
RoRpRcx x=RpRRpR.X

o T'= R¢R, is (merely) nonexpansive (1-Lipschitz)
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T nonexpansive with FixT # )

o Let T: RY — RY be nonexpansive.
o FixT # 0.
Then, defining

(Va€]0,1)) To = (1—a)ld+ T,

we have (exercise)
e T, is a-averaged nonexpansive.
o FixT, =FixT # O.

Then

Krasnoselskii-Mann (KM)

(VneN) zpp1=1—a)zy +aTz,,
There exists z* € Fix T, such that z, — z*.
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Douglas-Rachford splitting (DRS)
DRS: KM with T'= Ryf R,y and oo = 1/2

2n + RypRyg2n
2
= Prox., ;(2proX, 2n — 2n) + 2n — ProX,;zn

(Vn € N) Zn+1 =

There exists z* € Fix T, such that z, — z* and
prox,,z* € argmin(f + g).
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DRS for TV-/; signal denoising

Signal denoising with TV-/; regularization

, 1
min F(z) = S|z~ 2|3 + Ml Dexl1 + All Doz|ly

zeRN
o f=1 =23+ A|De - |l1 and g = A||D, - ||1 are convex

nonsmooth.
e Proximity operators simple to compute (Done for g !)

Python. Signal denoising
Same argument /formulation is no longer valid for images, since
D =[D1;D2]...
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Fenchel conjugate

Let f € To(RY).
Fenchel conjugate
(Vy € RY)  f*(y) = supyern (z7y — f(2)) J

gra f

T
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Fenchel-Rockafellar duality

Denoising with TV-¢; regularization

, 1
min F(z) = Sz — 2|3 + Al Delly

z€RN

e Primal: (P) xrgﬂl{rjlv f(z) + g(Dx)

e Dual: (D) mg&n (=D Tu) + g*(u)
u€RN

Both values coincide.
u* solves (D), then x* = V f*(—DTu*) solves (P).*

(]

4Proposition 19.4, Bauschke-Combettes (2017)
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Dual of TV-{; denoising
o f*(y) = 3lly + =3
o g*(u) = 1xp., where By, = [—1,1]V

Dual TV-/; regularization

T
min —II—D w23 + o o ()
u€RN N—_——

o(u) ()

® ) =1_) N convex nonsmooth.

o p=1||— D" - +2||% convex differentiable, and
Vo: ur D(D"u— 2) is | D||? Lipschitz continuous.

e But no strong convexity... not necessarily unique solution.
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Fermat to ﬁxed pomts

Denoising with TV-¢; regularization

e ¢ convex differentiable with L-Lipschitz gradient.
o ¢ € [o(RM).

ity ol 4~ )

Fermat and M-R imply, for every v > 0,

u* € argmin(p +v¢) < 0€ Vp(u")+ ov(u¥)
< u —yVe(u*) € u* +’y(91p(u )
& Ut = = PrOX.y, (u —vVo(u )
< wt @ Thll o
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Forward-backward algorithm

o Let v < 2/L,. Then G, is vL,/2-averaged nonexpansive.
e Let v > 0. Then prox.,, is 1 /2-averaged nonexpansive.

o If S; and S5 are averaged nonexpansive, respectively, then
T = S 0 .Sy is averaged nonexpansive for some « € ]0, 1]
(Appendix).

Ty 4, = PrOX,y © G, is averaged nonexpansive. J

Forward-backward splitting (FBS)
(Vn €N)  zp11 = prox,,(zn, — YVe(zn))

Then z,, — z* € arg min(¢ + ).
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Dual FBS

Dual TV-£; regularization

1 T e
o ”Z D ullz+ ey (u)

p(u) v(w)

Dual FBS
2
Let v € [O, TDIE [

(Vn € N)  upt1 = Py yv (un — yD(DTuy, — 2))

Then u,, — u* solution to (D) and 2* = z — DTu* € argmin F.

Python. Image-TV-12-grad-theo-vs-num



TV ¢y deblurring

e Suppose that T € RY is the signal to be recovered.

o z=®T + ¢ € RV, where ¢ is a Gaussian noise and ® is a
blur operator.

o A>0
Deblurring with TV-¢; regularization

. _ 1 - 2
min F(@) =}z 2[3 + X Dals

e Non-smooth convex function. Gradient method not
available.

o F € I'o(RY) not strongly convex unless ® injective.
o Fermat and Moreau-Rockafellar theorems yields

0€® (dz* —2)+ADTO(| - |1)(Dz*)

o Primal-dual algorithms !



Motivation Part I Part III
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Prlmal dual sphttmg (PDS)
Problem
o feTy(RY), g€ To(RM)
e Disa M x N real matrix

@ h is convex, differentiable, and Vh is L-Lipschitz cont.

(P)  min f(x) 4+ g(Dx) + h(z)

xERN

Condat-Vii (2013)
o 29 € RN ug € RM and o||D|? <

1
(vn € N) Tpt1 = proxX, ¢(zn — 7(Vh(zn) + DTuy,))
Unt1 = ProX, g« (Un + 0 L(2Tn11 — Tn).

_L
2

Then, there exists z* solution to (P) and u* solution to (D)
such that z,, — z* and u,, — u*.
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Application: TV-£; deblurring

Deblurring with TV-¢; regularization

1
min F(z) = 5[ ®z — 2|3 + Al Delly

z€RN
h(z) 9(Dz)

PDS to TV-¢; deblurring

Tn+l = Tnp — 7—(¢>T(<I>wn - z) + DTun))

Up+1 = PrOX[_gx oAV (Un + 0 D(2Zn11 — Tp).

(Vn € N) {

Python. TV-12-image-deblurring-11.
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Concluding remarks

o In this lecture, we have presented different algorithms (and
their convergence) for image denoising/deblurring.

@ As the model becomes more complex, the algorithms for
solving it increases their complexity.

@ The algorithms presented for the more complex models also
can be used for simpler ones.

@ Recent comparisons show that the use of proximity operators
instead of gradient steps leads to more efficient algorithms.

o The regularization ||Dz||; 2 can be replaced by other regular-
ization terms, including wavelets, nuclear norm, etc. which
need more complicated algorithmic structures.
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