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1 Introduction

This paper is concerned with the numerical resolution of the problem of finding a zero of the sum of
a set-valued, maximally monotone operator, a Lipschitzian monotone operator, and a normal cone to
a closed vector subspace of a real Hilbert space. This problem arises in a wide range of areas such as
optimisation [1,2], variational inequalities [3—5], monotone operator theory [6-9], partial differential
equations [3,10,11], economics [12,13], signal and image processing [14-16], evolution inclusions [17,

18], traffic theory [19,20], and game theory [21], among others.

When the single-valued operator is zero, the problem is solved in [9] via the method of partial
inverses. On the other hand, when the vector subspace is the whole Hilbert space, the normal cone is
zero and our problem is reduced to finding a zero of the sum of two monotone operators. In this case,
the problem is solved in [22] via the forward-backward-forward splitting or Tseng’s method (see also
[23] and the references therein). In addition, in the case when the single-valued operator is cocoercive,

the problem is solved in [24].

In the general case, several algorithms are available in the literature for solving our problem, but
any of them exploits its intrinsic structure. The Tseng’s method [22] can be applied to the general
case, but it needs to compute the resolvent of the sum of the set-valued operator and the normal
cone, which is not always easy to implement. It is preferable to activate both operators separately.
Some ergodic approaches for solving this problem can be found in [25]. A disadvantage of these
methods is the presence of vanishing parameters, which usually lead to numerical instabilities. The
algorithms proposed in [9,23,26] permit us to find a zero of the sum of finitely many maximally
monotone operators by activating them independently, without considering vanishing parameters.
However, these methods need the computation of the resolvent of the single-valued operator, which is
not easy to compute in general. An algorithm proposed in [27] overcomes this difficulty by explicitly
activating the single-valued operator. However, this method does not take advantage of the vector
subspace involved. Indeed, by using product space techniques, the method in [27] needs to store

additional auxiliary variables at each iteration, which can be difficult in high-dimensional problems.

In this paper, we propose a fully split method for finding a zero of the sum of the three monotone

operators detailed before, by exploiting each of their intrinsic properties. The algorithm computes, at
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each iteration, explicit steps on the single-valued operator and the resolvent of the partial inverse of
the set-valued operator with respect to the closed vector subspace [9]. This resolvent has an explicit
expression in several cases and it reduces to a Douglas-Rachford step [7,28] in a particular instance.
In this case, our method can be perceived as a forward-Douglas-Rachford-forward splitting, which
generalises partial inverse and Tseng’s methods when the single-valued operator is zero and the vector
subspace is the whole Hilbert space, respectively. We also provide connections with other methods
in the literature and we illustrate the flexibility of our framework via some applications to inclusions
involving m maximally monotone operators, to primal-dual composite monotone inclusions, and to
zero-sum games. In the application to primal-dual inclusions, we introduce a new operation between
set-valued operators, called partial sum with respect to a closed vector subspace, which preserves
monotonicity and takes a central role in the problem and algorithm. On the other hand, in continuous
zero-sum games, we provide an interesting splitting algorithm for calculating a Nash equilibrium,
that avoids the computation of the projection onto mixed strategy spaces in infinite dimensions by
performing simpler projections alternately. These applications enlighten the flexibility and usefulness
of the vector space setting, which appears naturally in a different form in each instance.

The paper is organised as follows. In Section 2, we provide the notation and some preliminaries.
We also obtain a relaxed version of Tseng’s method [22], which is interesting in its own right. In
Section 3, a characterisation of our problem in terms of two appropriate monotone operators is given
and a method for solving this problem is derived from the relaxed version of Tseng’s algorithm.
Moreover, we provide connections with other methods in the literature. Finally, in Section 4, we apply
our method to the problem of finding a zero of a sum of m maximally monotone operators and a
Lipschitzian monotone operator, to a primal-dual composite monotone inclusion, and to continuous
zero-sum games. The methods derived in each instance generalise and improve available algorithms

in the literature.

2 Notation and Preliminaries

Throughout this paper, H is a real Hilbert space with scalar product denoted by (- | -) and associated
norm || - ||. The symbols — and — denote, respectively, weak and strong convergence and Id denotes

the identity operator. The indicator function of a subset C' of H is tc, which takes the value 0 in C
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and +oo in H\ C. If C is non-empty, closed, and convex, then the projection of z onto C, denoted by
Pcz, is the unique point in Argmin, ¢ ||z —yl|, and the normal cone to C' is the maximally monotone

operator

{fueH:(Vyel) (y—a|u) <0}, ifzeC;
Noe-H=H:x— (1)

a, otherwise.

An operator T: H — H is S—cocoercive for some 8 € ]0,4oo[ iff, for every z € H and y € H,
(x —y | Tz —Ty) > B||Tx — Tyl||?, it is x-Lipschitzian iff, for every =,y € H, |Tx — Ty < x|z — y|l,
it is non-expansive iff it is 1-Lipschitzian, and the set of fixed points of T is given by Fix T

We denote by gra A = {(x,u) EHXH:uEe Aw} the graph of A: H = H, by Ja = (Id+A)™*
its resolvent, by dom A = {sc EH: Ax # @} its domain, and by zer A = {x eEH:0€ Ax} its set
of zeros. If A is monotone, i.e., for every (z,u) and (y,v) in graA, (x —y|u—v) > 0, then Jy is
a single-valued, non-expansive operator. In addition, A is maximally monotone iff dom J4 = H. Let
A: H = H be maximally monotone. The reflection operator of A is R4 = 2J4 — Id, which is non-
expansive. The partial inverse of A with respect to a vector subspace V of H, denoted by Ay, is
defined by

(V(z,y) €H?) yeAve & (Pvy+ Pyrz) € A(Pya+ Pyoy). (2)

Note that Ay = A and Aggy = A~ The following properties of the partial inverse will be useful

throughout this paper.
Proposition 2.1 Let A: H = H be a set-valued operator and let V' be a closed vector subspace of H.
Then, (Av)™' = (A™")v = Ay and Py(A+ Nyv) 'Py = Py(Ay. + Nv)Py.
Proof. Let (z,u) € H2. We have from (2) that
we (Ay) 'z & zeAvu

< Pyzx+ Pyiu€ A(Pvu+ Pyix) (3)
& Pyu+Pyixze A" (Pyz+ Pyiu)
-~

uwe (A Yy (4)

On the other hand, it follows from (3) and (2) that u € (Ay) ™'z is equivalent to u € Ay 1 x. For the

second identity, we deduce from (2) that
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u € Py(A+ Ny) ' (Pyz) (ueV) ue(A+Nv) '(Pyz)
(ueV) Pyze Au+ Nyu
(weV)3yeVt) Prz—ye Au
(weV)3yeVy) u—ye Ay (Prz)

(ueV) we (AyL + Ny)(Pvz)

tr ¢ T ¢ T 2

u € Py(Ay1 + Ny)(Pvz),

which yields the result. 0

The following result is a relaxed version of the methods proposed in [22,23,29].

Proposition 2.2 Let n € ]0,+o0[, let A: H = H be mazimally monotone, and let B: H — H be
monotone and n-Lipschitzian such that zer(A+B) # &. Moreover, let zo € H, lete € 10, max{1,1/2n}],

let (0n)nen be a sequence in [e, (1/n) — €], let (An)nen be a sequence in [e,1], and iterate

Tn = Zn — OnBzn

Sn = J(;"ATn
(Vn € N) (5)

tn = Sn — 571887’1.

| Znt1:=2n + An(tn — 7).

Then, zn, — Z for some z € zer(A+ B) and zn41 — zn — 0.

Proof. First note that (5) yields

(Vn €N) &, (rn — sn) € Asn. (6)

Let z € zer(A + B) and fix n € N. We have

lzna1 = 2IP= 1L = An)(zn = 2) + An(zn — 2 + tn — )2

=(1=An)llzn — 212 + Anllzn — 2+ tn — )12 = A (1 = An)|[tn — 7 )?
=1 =2z = 21> + Anllsn = 6n(Bsn — Bzn) — 2l = An(1 = An)|[tn — 7|
< (A=) 20 =zl + A0 (120 =21+ 52 1Bsn = Bzn [ *= [[sn—2n]|*) = An (1=2n) [tn =70 |

< lzn = 2l* = (1 = (8am)?)llsn — 2all” = An(L = An)lltn — nll?, (7)
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where the first and third equality follow from (5), the second equality is a consequence of [30, Corol-
lary 2.14], the inequality in the fourth line is obtained from [22, Lemma 3.1], and the last inequality
follows from the Lipschitz property on B, sup,, ¢y dn < 1/7, and inf,en An > €. Hence, since d, < 1/7
and 0 < A\, < 1, we obtain ||znt+1 — 2||* < ||zn — 2||?, which yields the boundedness of the sequence
(2k)ken- Moreover, we deduce from (7) and [23, Lemma 2.1] that (||sx — 2x||*)ren and (||[tx —7&[1*) ken

are summable and, in particular,

sk —2r — 0 and tp—ri — 0, (8)

which yields zx11 — 2z, = Ag(tx — 7%) — 0. By setting, for every k € N, uy, := 5;1(7% — ), it follows
from (5), (6), and (8) that, us, = 6, '(rx — sx) + Bsg € (A + B)sy, and u, — 0. Hence, for any weak
cluster point of (zx)ken, say zr, — w, (8) yields sy, — w, ug, — 0, and (sg,,ur,) € gra(A + B).
Since B is monotone and continuous, it is maximally monotone [30, Corollary 20.25]. Moreover, since
dom B = H, we deduce from [30, Corollary 24.4(i)] that A+ B is maximally monotone and, hence, its
graph is sequentially closed in H"°** x H5t*°"8 [30, Proposition 20.33(ii)], which yields w € zer(A+B).

Finally, from [23, Lemma 2.2], we deduce that there exists z € zer(A + B) such that z, — Zz. 0
Remark 2.1 As in [23, Theorem 2.5], absolutely summable errors can be incorporated in each step of

the algorithm in (5). However, for ease of presentation, we only provide the error-free version.

3 Forward—Partial Inverse—Forward Splitting

We aim at solving the following problem.

Problem 3.1 Let H be a real Hilbert space and let V' be a closed vector subspace of H. Let A: H = H
be a maximally monotone operator and let B: H — H be monotone and x—Lipschitzian for some

X € ]0,+0o0[. The problem is to

find x € H such that 0 € Az + Bx + Ny, 9)

under the assumption Z := zer(A + B + Ny) # @.

In Problem 3.1, the operator Ny is separated from A in order to exploit the intrinsic structure

of each operator. Indeed, the proposed method and its variants activate separately each constituent
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of the inclusion, as we will see in Section 3.2. In Section 4, we justify the importance of the vector
subspace framework via some applications, in which this setting appears naturally. In this section, we
study a characterisation of the solutions to Problem 3.1, we provide our algorithm, and we prove its

convergence to a solution to Problem 3.1.

3.1 Characterisation

The following result provides a characterisation of the solutions to Problem 3.1, in terms of two

suitable monotone operators.

Proposition 3.1 In the context of Problem 3.1, let v € |0, +o00[ and define

Ay i=A)v:H=H and By:=yPyoBoPy:H—V. (10)

Then, the following hold:

(i) Ay is mazimally monotone and, for every § € 10,4+o0[ and x € H, there exist p and q in H such

that © = p+vq, Jsa,® = Pyp+vPy.q, and

P P;
—:;q + Pyige A <Pvp + V(;p> . (11)
In particular, Ja, = 2Py Jya — Jya +1d—Py = (Id+Rny, Rya)/2.
(ii) By is monotone and vx—Lipschitzian.
(iii) Let x € H. Then, x is a solution to Problem 3.1 if and only if x € V and
(Aye vin(Az + Bzx)) such that x +~(y — Py Bx) € zer(Ay + B,). (12)

(iv) Z = Py (zer(Ay + B,)).

Proof. (i): Since vA is maximally monotone, A~ inherits this property [9, Proposition 2.1]. In addition,

for every (r,z) € H? and § € ]0, +o0], it follows from (2) that

r=Jsa, T & acgr € Ayr
WWNGM (pVMW)

- Py(x—1) +Pvu" cA PVT+P‘/L(I—T’) . (13)
6 5 1)
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Hence, by taking p := Py . (x—r)+Pyr and q := (Py(z—7r)+ Py 17) /v, we have p+vq = (z—7r)+r = x,
Pyp+vPyrq = r = Jsa x, and (11). Now, in the particular case when J = 1, (11) reduces to
p = Jya(p+7vq) = Jyaz and, hence,

Ja,x = Py(Jyax) + Pyo(x — Jyax)

= 2pvj,yA1‘ — J,YA:ZZ +x— Pyx

1
3 (x + 2Py (2Jyazx — x) — 2Jyaz + x)

1
5 (QZ + RNVR,YA:I:) . (14)

(ii): Let (x,y) € H?. We have from (10), the monotonicity of B, the linearity of Py, and Pjy = Py that
(x —y | Byx — Byy) = v(Pvx — Pyy | B(Pvz) — B(Pyvy)) > 0 and, from the Lipschitzian property
on B and (10), we obtain ||Byz — Byyl| < vy[|B(Pvx) — B(Pyvy)ll < vx||Pve — Pvyll < yxllz — yl|.
(iii): Let = € H be a solution to Problem 3.1. We have = € V, and there exists y € V = Ny z such

that y € Az 4+ Bx. Since B is single valued and Py is linear, it follows from (2) that

y€ Axr+ Bxr <& ~yy—~vyBx €~Ax
&  —yPv(Bz) € (vA)v (z +~(y — Py Bx))
& 0€ (yA)v(z+(y — PyrBz)) +~vPyv (B(Pv(z +~(y — Py1 Bx))))
& x4+ v(y — Py Bz) € zer(Ay + By), (15)
which yields the result. (iv): Direct from (iii). O

3.2 Algorithm and Convergence

In the following result, we propose our algorithm and we prove its convergence to a solution to
Problem 3.1. Since Proposition 3.1 asserts that Problem 3.1 can be written as a monotone inclusion
involving a maximally monotone operator and a single-valued Lipschitzian monotone operator, our

method is a consequence of Proposition 2.2 applied to this context.

Algorithm 3.1 In the context of Problem 3.1, let v € ]0,+o0[, let ¢ € ]0, max{1,1/(2vx)}[, let
(6n)nen be a sequence in [g,1/(vx) — €], let (An)nen be a sequence in [g, 1], let 0 € V, let yo € V1,

and, for every n € N,
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Step 1. find (pn,gn) € H? such that z, — SnYPyv Bxy, + YYn = Pn + Yqn

PVipn)

and Py qn 5

on

£ Pyign € A(Pvpn + (16)
Step 2. set Tn+1 := Tn + A (Pypn + InyPy (Bzn — BPypn) — Tn)

and Yn+1 := Yn + An(PyLgn — yn). Go to Step 1.

Theorem 3.1 Let (zn)nen and (yn)nen be the sequences generated by Algorithm 8.1. Then (Tn)nen
and (yn)nen are in' V and V>, respectively, x, — T and yn, — T for some solution T € zer(A+B+Ny)

and g € V* N (AZ 4+ Py BT), nt1 — 2n — 0, and ynt1 — yn — 0.

Proof. Since zo € V and yo € V*, (16) yields (zn)nen C V and (yn)nen C V. Thus, for every

n € N, it follows from (16) and Proposition 3.1(i) that
Pypn +vPyrqn = Js, (v, (Tn + YYn — 0nYPy Bxy). (17)
For every n € N, denote z,, := z,, + vy» and
sn 1= Js, (vA)yy (Tn +YYn — InYPy Ban) = Js, 4, (2n — 0nYPy BPv2n) = Js, 4, (2n — 0nByzn). (18)
Hence, it follows from (17) that Pyp, = Py sn, YPy1gn = Py 1 8n, and, from (16), we obtain

Tn+1 = SUn‘i‘)\n(PVSn‘f'fsn’YPV(an _BPVSn) _wn) and  Yynt1 = 'Yyn‘f')\n(PViSn _'Yyn)- (19)

By adding the latter equations, we deduce that the algorithm described in (16) can be written as

Tn 1= 2Zn — OnBy2n

Sn=Js, A, Tn
(Vn € N) o (20)

tn = Sn — OnBySn

Zn+1 = Zn + A1'7,(75'7'7, - Tn)7

which is a particular instance of (5) when B = B, and A = A,. Therefore, it follows from Propo-
sition 3.1(i)&(ii) and Proposition 2.2 that z, — Z € zer(Ay + By) and zp4+1 — zn, — 0. By defining
T := Pyz and § := Py, 1Z/7, the results follow from Proposition 3.1 and Proposition 2.2. 0
Remark 3.1

(i) The Tseng’s method allows for errors in the computations of the operators involved [23,29]. In our

algorithm, these inexactitudes have not been considered for simplicity.
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(ii) In the particular case when A, = 1 and B = 0 (x = 0), Algorithm 3.1 reduces to the classical
partial inverse method [9] for finding & € V' such that there exists y € V1 satisfying y € Az.

(iii) Under further assumptions on the operators A, and/or B,, e.g., as demi-regularity (see [31,
Definition 2.3&Proposition 2.4]), strong convergence can be achieved. In particular, under the
assumptions of Proposition 4.2 below, the strong monotonicity of A, can be guaranteed, and by
following the proof in [23, Theorem 2.5(iii)], we obtain strong convergence of the iterates.

The sequence (0r )nen in Algorithm 3.1 can be manipulated in order to accelerate the convergence.
However, as in [9], Step 1 in Algorithm 3.1 is not always easy to compute. The following results show
us a particular case of our method, in which Step 1 can be obtained explicitly when the resolvent of
A is computable. The method can be seen as a forward-Douglas-Rachford-forward splitting.
Corollary 3.1 In the setting of Problem 3.1, let v € 10,1/x], let € € ]0,1[, let (An)nen be a sequence
in [e,1], let zo € H, and iterate, for every n € N,

Tn = 2n — YPvBPyz,

Pn = JyATn

Sn = 2Pypn — pn +71n — Pyry (21)

tn := sn — YPy BPy sy

| Zn+1 = 2Zn + An(tn —0).

Then, by setting, for every n € N, xp, := Py zn and yn := Py 12n /7, we have T, = T and yn — § for

some T € zer(A+ B + Ny) and § € V* N (AT + Py BT), Tni1 — xn — 0, and yn+1 — yn — 0.

Proof. Indeed, it follows from the proof of Theorem 3.1 that Algorithm 3.1 is equivalent to (20),
where, for every n € N, z, = x5, + Yyn. In the particular case when §, =1 € ]0,1/(vx)], it follows
from Proposition 3.1(i) that (20) reduces to (21). Hence, the results follow from Theorem 3.1. O
Remark 3.2

(i) Note that, when V = # and \,, = 1, we have V* = {0}, Py = Id, (Id+Rn, Ry4)/2 = J, 4, and,

therefore, (21) reduces to
Tn = Tn — YBzn

Sn = JyATn

(Vn € N) (22)
tn = Sn — YBsn

Tnt+l = Tn + tn — Tn,
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which is a version with constant step size of the Tseng’s method [22] for finding a zero of A + B.

(ii) On the other hand, when B = 0, (21) reduces to

(vn € N) Sn = (2n + RNy Ryazn)/2 (23)

Zn+1 = 2Zn + An(Sn — 2n),
which is the Douglas-Rachford splitting method [7,28] for finding « € H such that 0 € Ny x + Ax.
It coincides with Spingarn’s partial inverse method with constant step size [6]. On the other hand,
in the particular case when A is a normal cone to a closed and convex set, a detailed study of this
method and some extensions and modifications may be found in [32].
(iii) Let H and G be real Hilbert spaces, let L: H — G be linear and bounded, let A and B be maximally
monotone operators, and define T': (x,y) € H+—y —Lx. When H =H Xx G, V =kerT, B =0, and

A: (x,y) — Ax x By, Problem 3.1 reduces to the primal-dual inclusions (see [33])

find x € H such that 0 € Ax+ L*B(Lx)

find u € G such that 0e€ —LA™'(—L*u) + B 'u. (24)

In this context, the algorithm proposed in Corollary 3.1 is the method proposed recently in [33]
in the absence of errors. This algorithm needs the computation of Py, which involves the inverse
of a suitable linear operator. Since our framework allows for a non-zero Lipschitzian monotone

operator, it can address more complicated structures than (24).

4 Applications

In this section, we study three applications of our method. In each instance, a different closed vec-
tor subspace arises naturally, which illustrates the flexibility of our setting. Connections with other

algorithms in each framework are provided.

4.1 Inclusion Involving the Sum of m Monotone Operators

Problem 4.1 Let (H,|-|) be a real Hilbert space, for every ¢ € {1,...,m}, let A;: H = H be

maximally monotone, and let B: H — H be monotone and y—Lipschitzian. The problem is to

find x€H suchthat 0¢ ZA,-X + Bx, (25)

i=1
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under the assumption that solutions exist.

Problem 4.1 has several applications in image processing, principally in the variational setting
(see, e.g., [1,34] and the references therein), variational inequalities [4,5], partial differential equa-
tions [10,11], and economics [12,13], among others. In [34,35], Problem 4.1 is solved by a fully split
algorithm in the particular case when B is cocoercive. Nevertheless, this approach does not seem to
work in the general case. In [27], a method for solving a more general problem than Problem 4.1 is
proposed. However, this approach stores and updates at each iteration m dual variables, which may
be unfavourable in large scale systems. Our method exploits the whole structure of the problem and
it is obtained from Theorem 3.1, when the underlying closed vector subspace is the diagonal space in
H™.

Let us first provide a connection between Problem 4.1 and Problem 3.1 via product space tech-
niques. Let (wi)1<i<m be real numbers in ]0,1[ such that > ", w; = 1, let H be the real Hilbert
space obtained by endowing the Cartesian product H™ with the scalar product and associated norm,
respectively defined by (x| y) := >0 wilx: | yi) and ||z]| = /D i, wilxs|?, where £ = (Xi)1<i<m
and y = (Yi)1<i<m are generic elements of H.

Proposition 4.1 In the context of Problem 4.1, define

Vi={z=(xi)i<icm EH:x1 = =xm}, j:H=>VCH x> (x...,%),

A:H:&’H:m»—)iAlm X"'XLAme, B:H—H:x+— (Bxi,...,Bxm). (26)
w1

Wm
Then, the following hold:

(i) V is a closed vector subspace of H, for every © = (Xi)i1<i<m € H, Pva = j(Q 0 wixi), and, if
x €V, then Nyz =V=+ = {:l: = (X¢)1<i<m € H 1 Y1 wix; = 0}; otherwise, Nyx = @.
(i) j: H =V is a bijective isometry and j71: (x,...,x) — x.
(ili) A is a mazimally monotone operator and, for every v € 10,400, Jya: (Xi)1<i<m = (JyA, fw;Xd)-
(iv) B is monotone and x-Lipschitzian, B(j(x)) = j(Bx), and B(V) C V.
)

(v) For every x € H, x is a solution to Problem 4.1 if and only if j(x) € zer(A + B + Ny).

Proof. (1)&(ii): They follow from (1) and easy computations. (iii): [30, Proposition 23.16]. (iv): They

follow from simple computations by using (26) and the properties on B. (v): Let x € H. We have
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0e ZAiX'f'BX == (H(yi)lgigm c _><1Aix) OZZYi'f'BX
i=1 = i=1

< (EI (Yi)i<i<m € i:XlAix) 0= Zwi(_)/i/wi — Bx)
= (3 (Yi)lgigm S i:><1AiX) — (y1/wi, ... ym/wm) — j(Bx) € v
& 0€A(()) + B(i(x) + Nv (%)

& j(x) € zer(A+ B+ Ny), (27)

which yields the result. 0
The following algorithm for solving Problem 4.1 is a direct consequence of Corollary 3.1 applied

to the monotone inclusion in Proposition 4.1(v).

Algorithm 4.1 In the context of Problem 4.1, let v € 10,1/x[, let € € ]0, 1], let (An)nen be a sequence
in [e,1], let (z5,0)1<i<m € H™, and iterate, for every n € N,
Xn 1= 3001 WiZjn
Fori=1,...,m

in = Zi;n — YBxn

Pin = JyA, jw; i
Qn 1= Y 7L, WiPjn (28)
Fori=1,...,m

Si,n = 20n — Pi,n + Zi;n — Xn

tin = Si;n — vBan

Zin41 = Zi;n + An(tin — Fin)-

Theorem 4.1 Let (xn)nen be the sequence gemerated by Algorithm 4.1. Then, x, — X for some

solution X to Problem 4.1 and Xp+1 — Xn — 0.
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Proof. Set, for every n € N, zn 1= j(Xn), gn = 7(dn), Sn = (Si,;n)i<i<m, 2n = (Zi,n)1<i<m, and
DPn = (Pi,n)i<i<m. It follows from Proposition 4.1(i) and (28) that, for every n € N, x, = Pyzn
and gn = Pypn = Pysy. Hence, it follows from (26) and Proposition 4.1 that (28) can be written
equivalently as (21). Altogether, Corollary 3.1 and Proposition 4.1(v) yield the results. 0
Remark 4.1 In the particular case when m = 2, B = 0, and w1 = w2 = 1/2, Algorithm 4.1 reduces to
the method in [24, Remark 6.2(ii)] for finding a zero of A; + A2, which computes the resolvents of A;
and As in parallel. When these resolvents are hard to calculate, this method provides an alternative

to the Douglas-Rachford splitting [7].

4.2 Primal-Dual Monotone Inclusions

This section is devoted to the numerical resolution of a very general composite primal-dual monotone
inclusion involving vector subspaces. The proposed algorithm addresses monotone operators composed
with linear transformations, and solves simultaneously primal and dual inclusions.

Let us introduce a partial sum operation with respect to a closed vector subspace. This notion is

a generalisation of the parallel sum (see, e.g., [36] and the references therein).

Definition 4.1 Let H be a real Hilbert space, let U C H be a closed vector subspace, and let
A:H =H and B: H = H be non-linear operators. The partial sum of A and B with respect to U is

defined by
AOuB := (Av + Bu) - (29)

In particular, we have A0y B = A+ B and AQ;yB = A0B = (At B~ H™ L

The operation A — Ay preserves monotonicity [9]. Hence, AOy B is monotone if A and B are

monotone. In this section, we are interested in the following problem.

Problem 4.2 Let H, (G;)i<i<m be real Hilbert spaces, for every ¢ € {1,...,m}, let U C H and
V; C G; be closed vector spaces, let A: H = H and B;: G; = G; be maximally monotone, let
L;: H — G; be linear and bounded, let D;: G; = G; be monotone such that (Di)V# is v;-Lipschitzian
for some v; € ]0,+o0[, let C: H — H be monotone and u-Lipschitzian for some p € ]0, +00], let z € H,

and let b; € G;. The problem is to solve the primal inclusion

find x € H such that z€ Ax+ Nyx+ Y. (L;-‘Pvi(Bi Oy Di + Ny, ) Py, (Lix — bi)) +Cx (30)

i=1
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together with the dual inclusion: find u; € G1,...,um € G;, such that

z— Y7 Ly Pyu; € Ax+ Cx+ Nyx
(Ix € H) 1)

(V’L S {1, .. ,m}) u; € PVl(Bz Oyt D; + Nvl)Pvl(LZX — bz)

The set of solutions to (30) and (31) are denoted by P # @ and D # &, respectively.
In the particular case when U = H, for every ¢ € {1,...,m}, V;, = G;, D;,0 = G;, for every
y # 0, D;y = &, and C = 0, Problem 4.2 is solved in [23,33] via fully split primal-dual algorithms. In
particular, in [33], a proximal point algorithm applied to the partial inverse of a maximally monotone
operator with respect to the kernel of a linear operator is proposed for solving Problem 4.2. On the
other hand, when U = H and, for every i € {1,...,m}, V; = G;, Problem 4.2 is solved by a splitting
method proposed in [27]. To the best of our knowledge, the general case has not been tackled in the
literature via splitting methods.
Problem 4.2 requires a Lipschitzian condition on (Divf-)lgigm- When, for every ¢ € {1,...,m},
V; = G;, this condition reduces to the Lipschitzian property on D; !, which is trivially satisfied,
e.g., when D;0 = G; and, for every y # 0, D;y = @. The next proposition furnishes other non-trivial
instances, in which the partial inverse of a monotone operator is Lipschitzian.
Proposition 4.2 Let V C H be a closed vector space and suppose that one of the following holds:
(i) D: H — H is B-strongly monotone and v-cocoercive.
(i) D = Vf, where f: H — ]—o0, +00] is differentiable, B-strongly convez, and VT is v~ Y- Lipschitzian.
(iii) D is a linear bounded operator satisfying, for every x € H, (x | Dx) > B||x||?, and v = 3/||D|?.
Then, Dy is a-cocoercive and a-strongly monotone with o = min{S,v}/2. In particular, Dy is al-
Lipschitzian.
Proof. (i): Let (x,u) and (y,v) in gra(Dy). It follows from (2) that (Pyx + Pyiu, Byu + Py1x) and

(Pvy+ Pyiv, Ryv+ Py1y) are in gra(D), and, from the strong monotonicity assumption on D, we have

x=ylu=v) = Rx=y) | B(u=V)) + (R(u=v) | B(x—y))
= (Ryx+ Ryru— (Pyy + Pyov) | Biu+ Pyox — (Ryv + Pyy))
> BllPx+ Pyru = (Pyy + Ryv)ll”

= BUR(x = y)I* + 1P (u = v)[1*): (32)
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Analogously, the cocoercivity assumption on D yields (x —y | u — v) > v(||Py(u—v)||?+ || Py= (x—y)||?).

Hence, it follows from (32) that
5 v
=y lu=v) =S (IR~ VI + 1Py (u = v)|*) + 5 (R (u = VIP+ IR (x=y)I%),  (33)

which yields (x —y [u—v) > a(|x — ylI? + [Ju - v||2), and the result follows. (ii): From the strong

convexity of f, we have that D = Vf is 8-strongly monotone and, from [37], it is v-cocoercive. Hence,
the result follows from (i). (iii): Since D is linear and bounded, we have ||x||*> > ||Dx||*/||D||>. Then, D
is B-strongly monotone and v-cocoercive and the result follows from (i). 0

The following proposition gives a connection between Problem 4.2 and Problem 3.1.
Proposition 4.3 Set H :=H®G1®--- & Gy, set x :=max{p,v1,...,um}+ /2 v [Lil|2, and set

A: H=H: (X,U1,...,um) — (—Z+AX) X (Pvlb1 + (Bl)vful) X oo X (Pvmbm + (Bm)\/#um)

L:H—H: (Xul,...,um) — (Z LfP\/iui,—P\/lle,...,—P\/mme>

i=1

C:H—H: (XU, ..,Um)— (Cx,(Dl)Vliul,...,(Dm)vfnum)
B:H—H: (Xut,...,um) = (C+ L)X, ut,...,Um)

W:=UxVi X XVn. (34)

Then, the following hold:

(i) A is mazimally monotone and, for every v € 10, +0o0],

']fyA: (X7 Ug,..., um) — (J,YA(X + Z), J’Y(Bl)vJ_ (u1 - IDV1 b1), RN J’Y(Bm)VJ_ (um - Pvmbm)). (35)

(ii) L is linear, bounded, L* = —L, and ||L|| < />, [|Li][2.

(iii) B is monotone and x-Lipschitzian.

(iv) W is a closed vector subspace of H, Nw: (X,u1,...,um) = Nyx x Ny,u1 X --- X Ny, Um, and
Pw: (X u1,...,um) = (Pux, Rut,..., Py, um).

(v) zer(A+ B+ Nw) C P xD.

(vi) P#£@ & zer(A+ B+ Nw)# 0 & D#0.

Proof. (i): Since, for every i € {1,...,m}, (B;)y+ is maximally monotone, the result follows from [30,

Proposition 23.15 and Proposition 23.16]. (ii): Let us define M: (u1,...,um) — > %, L7 Py,u;. Since
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(Li)1<i<m and (Py,)1<i<m are linear bounded operators, M is linear and bounded and, for every x € H,
M*x = (Ry,L1x, ..., Py, Lmx). Since L can be written as L: (x,u1,...,um) — (M(u1,...,um), —M*x),
we deduce from [23, Proposition 2.7(ii)] that L is linear and bounded, that L™ = —L, and that
IL]| = [|M]]. Now, for every (u1,...,um) € G1®- - -BGm, we have from triangle and Holder inequalities
that M (s, um)| < S LR sl < S0 Il < /ST TG /ST Tl (i)

Since (ii) implies that L is linear, bounded, and skew, it is monotone and || L||-Lipschitzian. Moreover,

because C and (D;)y. are monotone and Lipschitzian, C' is monotone and Lipschitzian with constant
max{p, v1i,...,Vm}. Altogether, B = C + L is monotone and x-Lipschitzian. (iv): Clear. (v): Let

(X, U1,...,Um) € HX Gy X -+ Gy,. From (34) and Proposition 2.1, we obtain
(X,u1,...,um) € zer(A+ B+ Nw)

0e —Z+AX+CX+Z£1 L:PVI.UZ' + Nyx

- 0 € Py, b1 + (B1)yrur + (D1)yrur — By Lix+ Ny, un

0¢ R/m bm + (Bm)vfnum + (Dm)vium - PVm Lox + NVmUm

0€ —z+Ax+Cx+ >, LY Ry,u; + Nyx

Py, (Lix = b1) € ((Bi)ys + (D1)ye + Ny, )u1, ur € Vi

By, (Lmx —bm) € (Bm)vs + (Dm)vs + Ny, Jum, um € Vin

m

0e 7Z+AX+CX+Z£1 L;—kP\/iui +Nux

ur € Ry, ((Br)yy + (D1)yy + Nv,) " Py, (Lix — bi)

Um € By, (Bm)vi + (Dm)ve + Ny, )" Ry, (Linx — bm)
z— Y " LiPy,u; € Ax+ Cx + Nyx

ui € PV1(81 va_ D1+ Nvl)Pvl(L1X — b1) (36)

um € Ry, (Bm OveDm + Ny, )Ry, (Lnx — bm)

=z € Ax+ Nux+ > _ LRy, (BiOy: Di + Ny,) Ry, (Lix — bi) + Cx, (37)

=1
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which yields x € P. Moreover, (36) yields (u1,...,umn) € D. (vi): If x € P, then there exist (u1,...,um)
such that (36) holds and, hence, (u1,...,um) € D. Now, if (u1,...,un) € D, then there exists x € H
such that (36) holds and, hence, (x,u1,...,um) € zer(A+ B+ Ny ). The last implication follows from
(v). O

Algorithm 4.2 In the setting of Problem 4.2, let v € ]0,1/x[, where x is defined in Proposition 4.3,

let (An)nen be a sequence in [g,1], let xo € H, let (u;,0)1<i<m € G1 X - -+ X G, and iterate, for every

n €N,
M,n :=xn —YPy (CPan +>0, L;kPViui,n)
P1,n = Jya(ri,n +72)
St,n = 2Pyp1,n — P1,n +ri,n — Purin
Fori=1,...,m
ra,i,n i= Uin — YR, (Diys Ry uin — LiPuxn)
P2,in = JWBML (r2,s,n — vPy,bs) (38)
S2,i,n 1= 2P, p2,i,;n — P2,i,n +r2,in — P, r2,in
t2,i,n = 52,i,n — VR, (Dive B;52,6,n — LiPysi,n)
| Uin+1 5= Uin + An(t2,in —r2,in)
ti,n i=s1,n — YPU(CPUsIm + iy Li Py;s2,im)
| Xnt1i=Xn + Mn(ti,n — rin).
Theorem 4.2 Let (Xn)nen and (U1,n)neN, - - -, (Um,n)nen be the sequences generated by Algorithm 4.2.
Then, xn, = X € H, Xp41 —xn — 0, for every i € {1,...,m}, uin, = U; € Gi, Ujnt1 — Ui,n — 0, and
(Pux, Py,u1,..., Py, Um) is a solution to Problem 4.2.
Proof. By defining, for every n € N, zp, := (Xn,Ui,ny---,Um,n)s ™n = (Fin, r2,1,n,---5 12,m,n),
P = (P1,n,P2,1,my -+, P2m,n)s Sn = (S1,n,52,1,n,--+,52,m.,n), and tn = (ti,n,t2.1,n,---,t2,m,n), it

follows from Proposition 4.3 that (38) is a particular instance of (21). Hence, the results follow from

Corollary 3.1 and Proposition 4.3(v). 0
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Remark 4.2

(i) Even if Problem 4.1 can be seen as a particular case of Problem 4.2, the methods in (38) and (28)

have different structures. Indeed, in (38), dual variables are updated at each iteration, which may

be numerically costly in large scale problems. Only primal variables are updated in Algorithm 4.1.

(ii) Algorithm 4.2 activates each operator involved in Problem 4.2 independently. The algorithm is

explicit in each step if the resolvents of A and (Bivj)lgz‘gm can be computed. Observe that the re-

solvent of the partial inverse of a monotone operator can be explicitly found via Proposition 3.1(i).

(iii) Note that, when A\, = 1, U = H, and, for every 7 € {1,...,m}, V; = G;, Algorithm 4.2 reduces to
the method in [27, Theorem 3.1] with constant step-size.

(iv) In the simplest case when m =2, z=A =C=b;y =by=0,L1 =L, =1d, U =H, Vi = Gy,

Vo = G2, D10 = G1, D20 = Gg, and for every y # 0, D1y = D2y = &, we have, for every i € {1, 2},

Diy1 =Digoy = Di_l: y — 0, Problem 4.2 reduces to find a zero of By + B2, and (38) becomes

Pi,n = J g1 (uin +9xn)
p2,n = Jo g1 (U2,n + Xn)
(V?’L € N) Xn+1 = Xn — 'VAn(pl,n + p2,n) (39)

Ui nt1 = (1 - An)ul,n + An (pl,n - 72(U1,n + U2,n)>

_U2,n+1 - (1 - )\n)u2,n + >\n (p?,n - ’72(U1,n + U2,n))o

This method solves this problem and its dual, simultaneously, and differs from the algorithm

derived in Remark 4.1.
4.3 Zero-Sum Games

Our last application is devoted to the problem of finding a Nash equilibrium in continuous zero-sum
games. Some comments on finite zero-sum games are also provided. This problem can be formulated

in the form of Problem 3.1, and it can be solved via an algorithm derived from Algorithm 3.1.

Problem 4.3 For every ¢ € {1,2}, let H; and G; be real Hilbert spaces, let C; C H; be closed and
convex, let L;: H; — G; be a linear bounded operator with closed range, let e; € H;, set b; := L;e;,
set S; := {x € Lix= bi}, let x € ]0,+o0o[, and let f: Hi x Ha — R be a differentiable function

with a y—Lipschitzian gradient such that, for every z; € Hy, f(z1,-) is concave and, for every za € Ho,
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f(-,z2) is convex. Moreover, suppose that int(C; —ej) NkerL; # & and int(Ca — e2) Nker La # &. The
problem is to

x1 € Argmin f(z1,x2)
find x; €S1 and x2 €Sz such that 2165 (40)

x2 € Argmax f(x1,2z2),
23€S;

under the assumption that solutions exist.

Problem 4.3 is a generic zero-sum game, in which the sets S; and Sz are usually convex bounded
sets representing mixed strategy spaces. For example, if, for every i € {1,2}, H; = RY:| C; is the
positive orthant, G; = R, b; = 1, and L; is the sum of the components in R™¢, then S; is the simplex
in R™Yi. In that case, for a bilinear function f, Problem 4.3 reduces to a finite zero-sum game. Beyond
this particular case, Problem 4.3 covers continuous zero-sum games, in which mixed strategies are

distributions and L; and L are integral operators.

As far as we know, some alternating methods are proposed in [38,39] for solving Problem 4.3, when
the function f has a special separable structure involving specific coupling schemes. On the other hand,
a method proposed in [40] can solve Problem 4.3 when the projections onto S1 and S2 are computable.
However, in infinite dimension, these projections are not always easy to compute, as we will discuss
in Example 4.1. The following result provides a convergent algorithm for solving Problem 4.3, which
replaces the projections onto S1 and So by simpler projections onto Cy, Ca, ker(L1), and ker(L2). It
is a consequence of Corollary 3.1 when the underlying subspace is V' = ker(L1) x ker(L2). Let us first
introduce the generalised Moore-Penrose inverse of a bounded linear operator L: H — G with closed
range, defined by LT: G = H:y — Pc,0, where, for every y € G, Cy := {x €H: L'Lx= L*y}. The
operator L' is also linear and bounded and, in the particular case when L*L is invertible, we have

LT = (L*L)~'L*. For further details and properties, see [30, Section 3].

Algorithm 4.3 In the context of Problem 4.3, let € € ]0, 1], let v € ]0, 1/x][, let (An)nen be a sequence

in [g,1], let (z1,0,22,0) € H1 @ H2, and iterate, for every n € N,
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U, = 1d—LiLNz1 0 + &1

uz,n = (Id —L5L3")z2, 0 + €2

g1n = (Id —LiLT")V (f(-, uz,n)) (u1n)

g2,n = —(Id —L3LEN)V (F(u1,n, ) (u2,n)

Mn ' =Zin —Y81,n

r2,n ‘= 2Z2,n — Y82,n

Pi,n = Pc,(rin+e1) —e1

p2,n := Pc,(r2,n +e2) —e2

Vi = (Id =L} Np1,n

Vo 1= (Id—LEL;T)pg,n

S1m 1= 2Vim — P1,n + L’{LTTan

So.m 1= 2va,n — P2 4 LiL3Tra

hi,n = (Id —LiLi)V(f(,e2 + va,n)) (e1 + vi,n)
ha,n = —(Id —L3L3)V (f(er + vi,n,-)) (2 + v2,n)
tin :==s1,n —Yhin

to,n :=5s2,n — Yhan

Zi,n+1 ‘= Z1,;n + )\n(tl,n - rl,n)

| Z2,n41 = 2Z2,n + An(t2,n —r2n).

(41)

Theorem 4.3 Let (U1,n,U2,n)nen be the sequence generated by Algorithm 4.3. Then, ui n, — X1 and

uz,n — X2, where (X1,X2) s a solution to Problem 4.5.

Proof. 1t follows from [30, Theorem 16.2] that Problem 4.3 can be written equivalently as the problem

of finding x; and x2 such that 0 € 9(is, + f(-,x2))(x1) and 0 € I(ts, — f(x1,))(x2), or, equivalently,

such that 0 € Ns, (x1) + V(f(+,x2))(x1) and 0 € Ns,(x2) — V(f(x1,-)) (x2) [30, Corollary 16.38]. Now

since, for every i € {1,2},S; = C;NL; *(b;) = C;N(e; +kerL;), it follows from qualification conditions

that Problem 4.3 is equivalent to

0 € Nc, (e1 4+ 21) + Niert, (z1) + V(f(-,e2 + 22)) (e1 + z1)

0 € Nc,(e2 + 22) 4+ Niert, (z2) — V(f(e1 + 21, )) (e2 + z2),

(42)
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where z1 := x;1 — e1 and z2 := x2 — e2. Hence, by defining V := ker(L1) X ker(L2) and, for every

(21,22) € Hi x Hg,

V(f(-,e2 +2z2))(e1 +z1)
A(Zl,ZQ) = NC1><C2 (e1 +z1,e2 + 22) and B(Zl,ZQ) = ( ) s (43)

—V(f(e1 + z1, ~))(e2 +z2)
Problem 4.3 is equivalent to find z; € H; and zz € Hz such that 0 € A(z1,z2) + B(z1,22) + Nv (z1, z2).
Note that V is a closed vector subspace of Hy x Ha, A is maximally monotone [30, Proposition 20.22],
and B is monotone ([30, Proposition 20.22] and [41]). Moreover, since Vf is x-Lipschitzian, B is
also x-Lipschitzian. On the other hand, it follows from [30, Proposition 3.28(iii)] and [30, Propo-
sition 23.15(iii)] that, for every (zi,z2) € Hi X Ha, Py(z1,22) = (z1 — L?[L’{Tzl,ZQ - L;L;Tzz),
Jya(z1,22) = (Pc,(z1 + e1) — e1, Pc,(z2 + e2) — e2), and we deduce that (41) is a particular case

of (21) when A, B, and V are defined as before. Altogether, the result follows from Corollary 3.1. O

Remark 4.8 The proposed method does not need to compute the projection onto S; and Sz at each
iteration, but it converges to solution strategies belonging to these sets. This new feature is very useful

when the projection onto S1 and Sg are not easy to compute.

Ezample 4.1 We consider a 2-player, zero-sum game, where X; C R™ is a bounded set of pure strate-
gies for player 1 and S := {f €L*(X1): f>0 a.e.,fX1 f(z)dz =1} is her set of mixed strategies
(X2, N2, and So are defined likewise). We recall that L?(X) stands for the set of square-integrable
functions f: X C R™ — ]—o0, +00]. Moreover, let F € L?(X1 x X2) be a function representing the

payoff for player 1 and let —F be the payoff of player 2. The problem is to

f1 € Argmin / F(:Ehxz)gl (xl)fz(l‘g)dxgdxl
find f1 € S; and fo € So such that 91851 IXy IX,

f2 € Argmax / F(z1,z2) f1(z1)g2(z2)dr2dry.
g2€S2 X, J X

(44)

Note that S; and Sz are closed and convex sets in L?(X1) and L?(X>), respectively. Hence, the projec-
tion of any square-integrable function onto S1 or Sz is well defined. However, these projections are not
easy to compute. A possible way for avoiding the explicit computation of these projections is to split S1
and Sz in S1 = CiN(e1+kerLy) and S2 = CaN(e2+ker L2), as in the proof of Theorem 4.3, where, for
every i € {1,2}, H; := L*(X;), Ci:={f €Hi : f >0 ae.}, e = (mi(Xs)) ", Lit f = Ix, f(z)dz,
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and m;(X;) is the Lebesgue measure of the set X;. Moreover, define the bilinear differentiable function

f: (f1, f2) — fX1 sz F(z1,x2) f1(z1) f2(x2)dz2dzr . Tt follows from F € L?(X1 x X2) that

Vi (o

Xo

F(-,xg)fg(acz)dxg,/

F(x1, -)f1(x1)d3€1) € H1 x Hg, (45)
X1

and that Vf is x-Lipschitzian with x := ||F||12(x, x x,)- Thus, (44) is a particular instance of Prob-
lem 4.3. Note that, for every i € {1,2}, L} : R — L?(X;): € + J¢, where, for every £ € R, §¢:  + € is
the constant function. Moreover, L; o L} : € — m;(X;)€ is invertible and (L; o L})™1: € — &/mi(X5),
which yields Id —L;LIT = Id —Lf(L; o L) " Li: f — f — 87, where f = [x, f(@)dz/m;i(X;) is the
mean value of f. In addition, for every i € {1,2}, Pc,: f — f4+:t+— max{0, f(¢)}. Altogether, Algo-
rithm 4.3 applied to this instance is a fully split method for solving (44). In the particular case when
X1 and X, are finite sets of actions (or pure strategies), S1 and Sz are finite dimensional simplexes,
F: (z1,z2) — x1 Fza, and F is a payoff matrix, Algorithm 4.3 provides a first order method for find-
ing Nash equilibria in the finite zero-sum game (for complements and background on finite games,
see [42])

1 € Argmin :IZ‘IFJJQ
find 1 €51 and x2 € S2  such that nes (46)

x2 € Argmax x{ Fao.
Y2 €S2

When a large number of pure actions are involved (e.g., Texas Hold’em poker), classical linear program-
ming methods for solving (44) are enormous and unsolvable via standard algorithms as simplex. Other
attempts use acceleration schemes for obtaining good convergence rates [21]. However, the proposed
method does not guarantee the convergence of the iterates. Algorithm 4.3 is an explicit convergent
method that solves (46) overcoming previous difficulties. Numerical simulations and comparisons with

other methods are part of further research.
5 Conclusions

We provide a fully split algorithm for finding a zero of A + B 4+ Ny . The proposed method exploits
the intrinsic properties of each of the operators involved, by explicitly activating the single-valued
operator B and by computing the resolvent of A and projections onto V. Weak convergence to a zero

of A+ B+ Ny is guaranteed and the flexibility of our framework is illustrated via applications to
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monotone inclusions involving m maximally monotone operators, to primal-dual composite inclusions
involving partial sums of monotone operators, and continuous zero-sum games. It is worth mentioning
that the three applications studied in this paper use different closed vector subspaces: the diagonal
vector subspace in a product Hilbert space, the product of vector subspaces, and the kernel of a linear
bounded operator. In addition, it follows from Remark 3.2(iii) that it is possible to tackle very complex
monotone inclusions, including compositions with linear operators, by using the kernel of appropriate
bounded linear operators as closed vector subspaces. The influence of the linear operators of the
original inclusion can be split from the other operators involved via these closed vector subspaces.
The resulting algorithm shall need to compute inverses of suitable linear operators, which can be
obtained easily without perturbing the efficiency of the method in several cases [33]. Altogether,
the flexibility of the vector subspace setting gives a promising future to splitting methods involving
this feature. It is part of further research to study the performance of the methods under specific
assumptions of each problem. On the other hand, the partial sum of two set-valued operators with
respect to a closed vector subspace is introduced. This operation preserves monotonicity, and further
study will be done in this direction in future work. Finally, in zero-sum games, a splitting method is
provided for computing Nash equilibria. The algorithm replaces the projections onto mixed strategy
spaces by simpler projections.
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