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We provide two weakly convergent algorithms for finding a zero of the sum of a maximally
monotone operator, a cocoercive operator, and the normal cone to a closed vector subspace of
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decomposition in the second step. The second step of the first method is a Douglas-Rachford
iteration involving the maximally monotone operator and the normal cone. In the second
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many maximally monotone operators and optimization problems are examined.
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1. Introduction

This paper is concerned with the numerical resolution of the following problem.
Problem 1.1: Let H be areal Hilbert space and let V' be a closed vector subspace
of H. The normal cone to V is denoted by Ny. Let A: H — 27 be a maximally
monotone operator and let B: H — H be a [S—cocoercive operator in V, i.e., it
satisfies

(VzeV)(Yy € V) (x—y|Bx—By) > p|Bx— By|* (1)
The problem is to

find x € H such that 0 € Az + Bx + Nyuz, (2)

under the assumption that the set of solutions Z of (2) is nonempty.
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Problem 1.1 arises in a wide range of areas such as optimization [17, 42], vari-
ational inequalities [30, 44, 45], monotone operator theory [22, 31, 36, 41], partial
differential equations [25, 26, 30, 33, 48], economics [28, 35], signal and image pro-
cessing [2, 12, 13, 20, 21, 38|, evolution inclusions [1, 27, 40], and traffic theory
[7, 8, 24, 37, 39], among others.

In the particular case when B = 0, (2) becomes

find z € V suchthat (3yeV!t) ye Az, (3)

where V+ stands for the orthogonal complement of V. Problem (3) has been studied
in [41] and it is solved with the method of partial inverses. On the other hand, when
V =H, (2) reduces to

find z € H such that 0 € Az + Bz, (4)

which can be solved by the forward-backward splitting (see [15] and the references
therein). In the general case, Problem 1.1 can be solved by several algorithms, but
any of them exploits the intrinsic structure of the problem. The forward-backward
splitting [15] can solve Problem 1.1 by an explicit computation of B and an implicit
computation involving the resolvent of A + Ny. The disadvantage of this method
is that this resolvent is not always easy to compute. It is preferable, hence, to ac-
tivate separately A and Ny . In [34] an ergodic method involving the resolvents of
each maximally monotone operator separately is proposed, and weak convergence
to a solution to Problem 1.1 is obtained. However, the method includes vanish-
ing parameters which leads to numerical instabilities and, moreover, it involves
the computation of (Id+yB)~! for some positive constant v, which is not always
easy to compute explicitly. The methods proposed in [10, 16, 18, 41] for finding
a zero of the sum of finitely many maximally monotone operators overcomes the
problem caused by the vanishing parameters in [34], but it still needs to compute
(Id +yB)~!. The primal-dual method proposed in [46] overcomes the disadvantages
of previous algorithms by computing explicit steps of B. However, the method does
not take advantage of the vector subspace involved and, as a consequence, it needs
to store several auxiliary variables at each iteration, which can be difficult for high
dimensional problems.

In this paper we propose two methods for solving Problem 1.1 that exploit all the
intrinsic properties of the problem. The first algorithm computes an explicit step on
B followed by a Douglas-Rachford step [31, 43] involving A and Ny . The second
method computes an explicit step on B followed by an implicit step involving
the partial inverse of A with respect to V. The latter method generalizes the
partial inverse method [41] and the forward-backward splitting [15] in the particular
cases (3) and (4), respectively. We also provide connections between the proposed
methods, we study some relations with other methods in the literature, and we
illustrate the flexibility of this framework via some applications.

The paper is organized as follows. In Section 2 we provide the notation and
some preliminaries. In Section 3 we provide a new version of the Krasnosel’skii-
Mann iteration for the composition of averaged operators. In Section 4 the lat-
ter method is applied to particular averaged operators for obtaining the forward-
Douglas-Rachford splitting and in Section 5 the forward-partial inverse algorithm
is proposed. We also provide connections with other algorithms in the literature.
Finally, in Section 6 we examine an application for finding a zero of a sum of m
maximally monotone operators and a cocoercive operator and an application to
optimization problems.



October 10, 2013

Optimization optim1
Optimization 3
2. Notation and preliminaries

Throughout this paper, H is a real Hilbert space with scalar product denoted
by (- |-) and associated norm || - ||. The symbols — and — denote, respectively,
weak and strong convergence and Id denotes the identity operator. The indicator
function of a subset C of H is

s 0, if xeC; (5)
¢ Yoo, if 2¢C,

if C'is nonempty, closed, and convex, the projection of x onto C', denoted by Pox, is
the unique point in Argmin,ce ||z —yl|, and the normal cone to C' is the maximally
monotone operator

{fueH|(Vyel) (y—=z|u) <0}, if x € C

g, otherwise.

NC:H—>2H:xr—>{ (6)

An operator R: H — H is nonexpansive if
(Ve e H)(Vy € H) |[[Rz — Ryl < [z —y|| (7)

and Fix R = {a: €EH|Rx= a:} is the set of fixed points of R. An operator T: H —
H is a—averaged for some « €]0, 1] if

T=(1-a)ld+aR (8)
for some nonexpansive operator R, or, equivalently,

l1—a

(Vo e H)(Vy € H) ||Te—Ty|* < |l —y|* - 1(1d ~T)a — (1d =T)y|, (9)

(07

or

(Ve e H)(Vy €M) 21 —a)(z—y| Tz —Ty) > ||Tz - Ty|* + (1 - 20)||lz — y|I*.
(10)
On the other hand, T is f—cocoercive for some 5 € |0, 4o0[ if

(Ve e H)(Vy e H) (z—y|Te—"Ty) > p|Tz - Ty| (11)

We say that T is firmly nonexpansive if T' is 1/2-averaged, or equivalently, if T is
1—cocoercive.

We denote by graA = {(m,u) EHXH | ue Am} the graph of a set-valued
operator A: H — 2" by dom A = {m EH | Az # Q} its domain, by zer A =
{z €M | 0€ Az} its set of zeros, and by J4 = (Id+A)~! its resolvent. If A is
monotone, then J4 is single-valued and nonexpansive and, furthermore, if A is
maximally monotone, then dom J4 = H. Let A: H — 2" be maximally monotone.
The reflection operator of A is R4 = 2J4 — Id, which is nonexpansive. The partial
inverse of A with respect to a vector subspace V of H, denoted by Ay, is defined
by

(V(z,y) e H?) yeAve & (Pry+ Pyix) € A(Pyx+ Pyuy). (12)
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For complements and further background on monotone operator theory, see [1, 6,
41, 47, 48].

3. Krasnosel’skii-Mann iterations for the composition of averaged operators

The following result will be useful for obtaining the convergence of the first method.
It provides the weak convergence of the iterates generated by the Krasnosel’skii—
Mann iteration [15, 29, 32] applied to the composition of finitely many averaged
operators to a common fixed point. In [6, Corollary 5.15] a similar method is
proposed with guaranteed convergence, but without including errors in the com-
putation of the operators involved. On the other hand, in [15] another algorithm
involving inexactitudes in the computation of the averaged operators is studied in
the case when such operators may vary at each iteration. However, the relaxation
parameters in this case are forced to be in |0, 1]. We propose a new method which
includes summable errors in the computation of the averaged operators and allows
for a larger choice for the relaxation parameters. First, for every strictly positive
integer i and a family of averaged operators (7})1<j<m, let us define

m
7 =
j=i

{Tionﬂo...on, if i < m; (13)

Id, otherwise.

Proposition 3.1:  Let m > 1, for every i € {1,...,m}, let a; € ]0,1], let T; be
an o;-averaged operator, and let (e;n)nen be a sequence in H. In addition, set

m max{aq,...,Qn}

“= 14+ (m—1)max{aq,...,am}’

(14)

let (An)nen be a sequence in |0,1/al, suppose that Fix(Ty o --- o T),) # &, and
suppose that

D M(l—ad) =+0c0 and (Vie{l,...,m}) > Allein| < 4oo.  (15)

neN neN

Moreover, let zg € H and set, for every n € N,
Zn+l = ZntAn (Tl (T2(’ e Tm—l(TmZn‘i‘em,n)""em—lm T )+e27n) +el7n_zn>' (16)

Then the following hold for some zZ € Fix(Ty o -+ o T},).
(i) 2z, —~Z.

(ii) Z )‘n(l - a)‘n)

neN

2
< +00.

m
‘ Tz, — zp
J=1

m
(i) 11 Tjz — 20 = 0.
j:
(iv) zp+1 — 2zn — 0.
m m 2
(1d-T}) T Tz, — (Id—T3) II TJEH < +o0.
j=i+1 Jj=i+1

—~

v) max A
) 1<i<m "
neN

Proof: (i): First note that (16) can be written equivalently as

(Vn S N) Zn+1 = Zn + )\n(TZn + €n — Zn)a (17)
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where

m
T=Ti0T50---0 = 1I7T;
L " (18)

en =11 (T2( s Tm—l(Tmzn + em,n) + Em—1n""" ) + e2,n) + €in — Tzy.

It follows from [15, Lemma 2.2(iii)] that T is a-averaged with « defined in (14),
and, using the nonexpansivity of (7;)1<i<m, we obtain, for every n € N,
lenll < T3 (T2(’ L1 (Tinzn + em,n) +em—1n- 1)+ 62,71)
~ T (Ta( - Tona (Tinzn) ) | + llewnll
| T (T5(- - Ton—1(Tinzn + €mpn) + €m—1n -+ ) + €3n)
— To(T5(- - Tn-1(Tinzn) ) | + ezl + llevsl

IN

IN

< NTon-1(Tmzn + emn) = Tm1(Tnzn)ll + llem—1nll 4 - - + lleznll + [leral

m
<> lesnll (19)
i=1

Hence, it follows from (15) that

Z Anllen]l < Z An Z ll€snll = Z Z Anlleinl < +oo. (20)

neN neN =1 i=1 neN

Now, set R = (1 —1/a)Id+(1/a)T and, for every n € N, set u, = a\,. Then
it follows from the firm nonexpansiveness of 7' and (8) that R is a nonexpansive
operator, Fix R = Fix T, and (17) is equivalent to

(Vn c N) Zn+1 = Zn + ,Un(RZn + Cn — 2n)7 (21)

where ¢, = e,/a. Since (un)nen is a sequence in ]0, 1] and (15) and (20) yields
Y onen (1l = pn) = +oo and Y, o pinllen]| < +oo, the result follows from [15,
Lemma 5.1].

(ii): Fix n € N. It follows from (17), Cauchy-Schwartz inequality, and [6,
Lemma 2.13(ii)] that

lzna1 — ZH2 =[[(T=A)(zn —2) + M(T2n, = TZ + en)”2
< |1 =X)(zn —2) + Mu(T2, — TE)H2 +ep

= (1= M)llzn — 2% + Al T2n — TZP =X (1 = Aa) | T2 — 20)1*+ €n,
(22)

where,

(Vk S N) EL = )\%HekHz + 2)\k”(1 — )\k)(zk — 5) + )\k(TZk — TE)HHekH (23)
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Note that the convexity of || - ||, the nonexpansivity of T', and (i) yield

> e =Y Mllerl® + 2> Ml = M) (zk — 2) + Me(Tz — T7)|| e

keN keN keN
2
< (ZMH%H) + 22)%((1 — Xe)llzk = 2| + Akl Tz, — TZ])) llex |
keN keN
2
< (Z)\kHek\D + 2(sup 2% — z”) > Mellexl] < +oo. (24)
keN keN keN

On one hand, since T is a-averaged, it follows from (22) and (9) that

11—«
lner =212 < (1= Allzn = 212 + An (llzn — 212 = E= g, — 2 2)

(1= X) T2 — 20| + €0

T2 — 20| + €n, (25)

_ A (1 —a),
< flzn — 72 - 22l =)

and, hence, the result is deduced from [14, Lemma 3.1(iii)].
(iii): It follows from (15) and (ii) that lim |7z, — 2,|| = 0. Moreover, it follows
from (17) that

(Vn € N) || Tzn41 — zns1ll < ([T2n11 — Tnll + (1 = A)[[ T2 — 20l + Anflen]|
<znar = zall + (1= M) | T 20 — 2a|l + Anllenll
SN Tzn — zull + 2Mnlenll- (26)

Hence, from (20) and [14, Lemma 3.1] we deduce that (|72, — zn||)nen converges,
and therefore, Tz, — z, — 0.
(iv): From (17), (18), (iii), and (20) we obtain

201 = zall < AnllT2n — 2ol + Anllenl] < (1/ )| T2 — 2l + Anllenl] — 0. (27)

(v): Since (T;)1<i<m are averaged operators, we have from (18) and (9) that

T20—TZ2 < || T Tyzn— 1173 = L2 (d =) T T2, — (1d —1y) T 73]
n = . jen— L1y 1) LjzZn ( 1)._ J%
j=2 j=2 a7 j=2 7j=2
m m 21— o) m m 2
< H 1 Tyz,— 11 szH - (1 —T) I Tjz, — (1d ~T5) T T}z
j=3 j=3 Q9 j=3 7j=3
1— o m m 2
- (Id —Ty) 11 T2, — (Id —T3) 11 T;%
(e%] Jj=2 7j=2

2 ml_ai
<23

m m 2
— (1d _Ti)j:1}+1TjZ" —(1d _Ti)j:i+1TjZH '

(28)



October 10, 2013

Optimization optim1

Optimization 7

Hence, from (22) we deduce

1—Oéi

m
241 _7“2 < Hzn_g”z_)‘n Z
=1

m m 2
- (1d _E)j:1}+11}2n_(1d —ﬂ)j:g+17}2“ +éen.

(29)
Therefore, it follows from [14, Lemma 3.1(iii)] that

m 2
I 77|
i+1

j=i

(1d-T;) 11 Tjz, — (1d—T)
Jj=i+1

"1 -
DM
i=1 v

neN

m
1 — oy m m 2
S0 —Y@a-1) I 7z, - (1d-T) I T]EH < 400, (30)
; oy j=i+1 j=i+1
neN =1
which yields the result. O

Remark 3.1: In the particular case when m = 1, Proposition 3.1 provides the
weak convergence of the iterates generated by the classical Krasnosel’skii-Mann
iteration [15, 29, 32] in the case of averaged operators. This result is interesting
in this own right since it generalizes [6, Proposition 5.15] by considering errors on
the computation of the involved operator and provides a larger choice of relaxation
parameters than in the nonexpansive case (see, e.g.,[15, 29, 32]).

4. Forward-Douglas-Rachford splitting

In this section we provide the first method for solving Problem 1.1. We provide a
characterization of the solutions to Problem 1.1, then the algorithm is proposed
and its weak convergence to a solution to Problem 1.1 is proved.

4.1. Characterization
Let us start with a characterization of the solutions to Problem 1.1.

Proposition 4.1:  Let vy €)0,28] and H, V, A, B, and Z be as in Problem 1.1.
Define
Ty =3(Id+Rya0Rn,): H —H (31)
Sy=Id—yPyoBoPy:H —H.

Then the following hold.

(i) T is firmly nonexpansive.
(i) Sy is v/(2pB)-averaged.
(ili) Let x € H. Then x € Z if and only if x € V and

(3y € VEN(Az+Bz)) such that x—~y(y—Py.Bzx) € Fix(Ty0S,). (32)

Proof: (i): Since yA is maximally monotone J,4 is firmly nonexpansive and
R4 = 2J,4 —1d is nonexpansive. An analogous argument yields the nonexpansiv-
ity of Ry, = 2Py — Id. Hence, R, o Ry, is nonexpansive and the result follows
from the definition of a firmly nonexpansive operator in (8).



October 10, 2013 Optimization optim1

8 L.M. Briceno-Arias

(ii): Since V is a closed vector subspace of H we have that Py is linear and
P = Py. Hence, the cocoercivity of B in V yields, for every (z,w) € H? and
1 € 0, +oc],

(z—w|nPy(B(Pyz) — B(Pyw))) =n(Pyz — Pyw | B(Pyz) — B(Pyw))

> nBl|B(Py2) - B(Pyw)||*
> (8/m)|InPv (B(Pyz)) = nPy (B(Pyw))|.
(33)

In the particular case when n = (3, (33) implies that the operator z — SPyoBoPyz
is firmly nonexpansive (1/2-averaged). Since v € |0, 23] the result follows from [15,
Lemma 2.3].

(iii): Let € H be a solution to Problem 1.1. We have = € V and there exists
y € V1 = Nyz such that y € Az + Bz. Set z = x — y(y — Py Bz). Note that
Ry,z =2Pyz — z = x + v(y — Py+Bz) and Pyz = z. Hence, since B is single
valued and, for every w € V, Ryw = w, it follows from the linearity of Py, that

x+yy—yBr = x+7y(y— Py Bx)—yPy Bz = Ry, z—yPy Bx = Ry, (2—yPy BPy z2),
(34)
and, therefore,

yeAr+Bxr & x+4+yy—~vyBreax+vyAx
&z =Jya(z+yy —vBz) = Jya(Rn, (2 — vPyBPyz))

1
& z=3 <2JVA (Ry, (2 — vPy BPyz))
— Ry, (z —yPyBPyz)+x + vy — va)
1
& T = 3 <RA,A (RNV(z — ’}/PvBPV,Z)) +x+yy— va)

|
& a=3 (RA,A (Rny (2 — 7Py BPy2)) + 2 — WPVBPVz)

+v(y — Py Bx)
& z2=1T,08,z, (35)

which yields the result. O

4.2. Algorithm and convergence

In the following result we propose our first algorithm and we prove its convergence
to a solution to Problem 1.1. The method is inspired from the characterization
provided in Proposition 4.1 and Proposition 3.1.

Theorem 4.2: Let H,V, A, B, and Z be as in Problem 1.1, let v € ]0,25], let
a =max{2/3,2v/(y + 28)}, let (A\)nen be a sequence in |0,1/al, let (an)nen and
(bn)nen be sequences in H, and suppose that

> Ml —ad) =+00 and Y Au(llan] + [Ibal]) < +oc. (36)

neN neN
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Moreover, let zg € H and set
Tn = Pyz,
Yn = (Tn — 2n) /7
(Vn € N) Spn = xn —YPy (an + an) + YYn (37)

Pn = J'yASn + b,
Zn+l = Zn + )\n(pn - xn)

Then the sequences (T )nen and (Yn)nen are in V. and V-, respectively, and the
following hold for some T € Z and some 7 € VN (AT + PVBE).
(i) 2, =T and y, 7.
(i) @1 —2n =0 and Yni1 —yn — 0.
(iii) Y,en AnllPv(Bz, — BT)|* < +oc.

Proof: First note that (37) can be written equivalently as

Tn = Pyz,
(Vn € N) Yn = —Pyrzn /vy (38)
Zntl = Zn + An (TV(SVzn +cp) + by — zn),

where T, and S, are defined in (31) and, for every n € N, ¢, = —yPya,. We have
from (36) that

D Anlball+leal) <D Anlllball+llan) < max{l,7}Y  An(llan]+[[ba]l) < +o0.
neN neN neN

(39)
Moreover, it follows from Proposition 4.1(i)&(ii) that T, is 1/2-averaged and S,
is v/(2B)-averaged. Altogether, by setting m = 2, T4 = T,, Tb = S, oy = 1/2,
as =v/(28), e1,n = by, €2, = ¢y, and noting that

2max{1/2,v/(26)}

T max{1/2,7/0)] ~ nex{2/3,29/(y +268)} = o, (40)

it follows from Proposition 3.1 that there exists Z € Fix(7Ty o Sy) such that

Zn —Z (41)
Zn+1l — Zn — 0 (42)
> All@d=8,)z, — (1d—S,)z|* < +oo. (43)
neN

Now set T = PyZ and § = —Py,.Z /7. It follows from Proposition 4.1(iii) that T is
solution to Problem 1.1 and § = y — Py, BT for some y € V+ N (AT + B%). Then,
7 € V1N (AT + Py BT).

(i): It is clear from (38) and (41) that x,, = T and y,, — 7.

(ii): It is a consequence of (42) and

(V€ N)  znt1 = 20ll* = w1 — zall* + V2 llynt1 — yall*. (44)
(iii): It follows from (31) that

(VneN) [[([d-8,)z — (d—-S,)Z2 = V2| Py (Ba,) — Py (BR)®.  (45)
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Hence, the result follows from (43). O

Remark 4.1: Note that, if lim A,, > 0, then Theorem 4.2(iii) implies Py (Bz,,) —
P\/(BT)

5. Forward-partial-inverse splitting

We provide a second characterization of solutions to Problem 1.1 via the partial
inverse operator introduced in [41]. This characterization motivates a second al-
gorithm, whose convergence to a solution to Problem 1.1 is proved. The proposed
method generalizes the partial inverse method proposed in [41] and the forward-
backward splitting [15].

5.1. Characterization

Proposition 5.1: Let v € |0,+o0[ and H, A, B, and V be as in Problem 1.1.
Define

{AV = (vA)y: H — 2H (46)

By, =vPyoBoPy:H—=V.

Then the following hold.

(i) Ay is mazimally monotone.
(ii) By is B/y-cocoercive.
(ili) Let x € H. Then x is a solution to Problem 1.1 if and only if x € V and

(3y € VIN(Az+Bx)) such that xz+y(y—Py.Bx) € zer(A,+B,). (47)

Proof: (i): Since vA is maximally monotone, the result follows from [41, Propo-
sition 2.1]. (ii): It is a direct consequence of (33). (iii): Let € H be a solution
to Problem 1.1. We have z € V and there exists y € V+ = Nyz such that
y € Az + Bz. Since B is single valued and Py is linear, it follows from (12) that

y€ Ar+ Bx << yy—~vBx € yAx
&  —Py(Bz) € (yA)v (z +~(y — Py+Bz))
& 0e(A)v(z+(y — Py Bx))

+ ’YPV (B(Pv(x + ’y(y — PVJ_ BLE))))
&  x+7(y— Py.Bzx) € zer(Ay + By), (48)

which yields the result. O

Remark 5.1: Note that the characterizations provided in Proposition 4.1 y
Proposition 5.1 are related. Indeed, Proposition 4.1(iii) and Proposition 5.1(iii)
yield

Z = Py(Fix(Ty 0 Sy)) = Py (zer(A,+B,)) and Ry, (Fix(Ty 0 S,)) = zer(A, + ?’y))
49
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5.2. Algorithm and convergence

Theorem 5.2: LetH,V, A, B, and Z be as in Problem 1.1, let v € ]0,+o0], let
e € 10,max{1, B/v}], let (on)nen be a sequence in [g,(28/7) — €], and let (An)nen
be a sequence in [e,1]. Moreover, let xo € V, let yg € V*, and, for every n € N,
consider the following routine.

Step 1. Find (pp, qn) € #? such that z,, — nYPy BTy + YYn = Pn + Van

P Pyo
and 21 L p,g, € A<Pvpn + Y p”). (50)
On On
Step 2. Set Xp11 = Ty + A(Pypn — xn) and Yni1 = Yn + M (Progn — Yn)-

Go to Step 1.

Then, the sequences (xp)nen and (Yn)nen are in'V and V =+, respectively, and the
following hold for some T € Z and j € V+ N (AT + Py BT).
(i) zp, =T and y, = 7.
(ii) Tp4l — Tp — 0 and Yntl — Yn — 0.
(iii) Py Bx, — Py BT.

Proof: Since zg € V and yo € V+, (50) yields (2,,)neny € V and (yn)neny C V*.
Thus, for every n € N, it follows from (50) and the linearity of Py and Py . that

Pyp, + ’YPVQn = PV(pn + ’YQn) = PV(xn - 5n’YPVB‘Tn + ’Yyn) =Tn — 6n’YPVan
(51)
and

PVJ-pn +’YPVJ-Qn = PVJ- (pn + ’YQn) = PVJ- (xn - 5n’YPVB‘Tn + ’Yyn) = YYn, (52)

which yield

Pyq, = (xn - n’YPVB‘Tn - PVpn)/’Y = (xn - xn+l)/(7)‘n) — o Py Bz, (53)
Pyipn =7(yn = Pregn) =7(Un = Yn+1)/An.
On the other hand, from (50) we obtain
Pypy, =y + @ and Pyign =yn+ %J’i\i_yn (54)

Hence, it follows from (53) and (50) that

(517% - $n+1) Yn+1 — Un Tn+1 — Tn V(yn - yn+1)
-~ PyBx,ty,+————— € Al z, , (b5
P iR L B (an+ N e, ). (59)

or equivalently,

(T — Tni1) Y(Ynt1 — Yn)

Tn+1 — Tn ’Y(yn - yn-i-l)
A( Lt )
DA W W

(56)
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Thus, by using the definition of partial inverse (12) we obtain

(Tn — Tns1)
Anén

Y(Yn = Yn+1)

—~vPyBx,
YEv by + 5,

Tyl — Ty + ’Y(yn-i-l - yn)) (57)

€ (’YA)V (xn + YYn + \

which can be written equivalently as

Tpyl — Ty + ’Y(yn—i-l - yn)
An

Tpyl — Ty + ’Y(yn-i-l - yn)
2 ) (58)

Tn + YYn — 5n’7PVB$n - <$n + YYn +

S 5n(’YA)V (xn + YYn +

Hence, we have

Tpyl — Ty + ’Y(yn-i-l - yn)
An

T+ YYn + = Jén(yA)v($n +YYn — 60y Py Bxy), (59)

or equivalently,

Tn+1+VYnt1 = Tn +Yn + An (Jan (vA)y (Tn +YYn — On Y Py Bxy) — 2 + vyn> - (60)
If, for every n € N, we denote r, = z,, + Yy, from (60) and (46) we obtain

Tntl = Tn + An (J(SnAw (7n — 5n‘8“/rn) - T‘n). (61)

Since (0n)nen C [g,2(8/7) — €], it follows from Proposition 5.1(i)&(ii) and [3, The-
orem 2.8] that there exists 7 € zer(A, + By) such that 7, — 7, B,r, — B,T,
Tn = Tng1 = Aa(rn — Js,4, (Tn — 6nBy7rn)) — 0. Hence, by taking T = PyT and
7 = Py.7 /v, Proposition 5.1(iii) asserts that T € Z, 5 € V*+ N (AT + Py B7), and
the results follow from

(V(,y) € H?) (x|y) = (Pva | Pry) + (Pyea | Pyiy) (62)

and the definition of B,. O

Remark 5.2:

(i) It is known that the forward—backward splitting admits errors in the compu-
tations of the operators involved [15]. In our algorithm these inexactitudes
have not been considered for simplicity.

(ii) In the particular case when v < 28, A, = 1, and B = 0, the forward-
partial-inverse method reduces to the partial inverse method proposed in
[41] for solving (3).

The sequence (0, )nen in Theorem 5.2 can be manipulated in order to accelerate
the algorithm. However, as in [41], Step 1 in Theorem 5.2 is not always easy to
compute. The following result show us a particular case of our method in which
Step 1 can be obtained explicitly when the resolvent of A is computable.
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Corollary 5.3: Lety €]0,283], letzg € V, let yg € VL, let (Ap)nen be a sequence
in [e,1], and consider the following routine.

Sp = xn — YPy Bz, + Yyn

Dn = JyASn
Vn € N 7 63
( " ) Yn+l = Yn + ()\n/’y)(PVpn - pn) ( )

Tpil = Tp + )\n(PVpn - $n)

Then, the sequences (zy)nen and (Yn)nen are in 'V and v respectively, and the
following hold for some T € Z and 5§ € V+ N (AT + Py BT).
(i) zp =T and y, — 7.

(i) @1 —zn — 0 and Ypi1 — Yn — 0.

(iii) PyBz, — PyBz
Proof: For every n € N, set ¢, = (s, — pn)/7. It follows from (63) that
Yqn = Spn — Pn € ’YApn (64)

Sn = Pn + Yqn,

which yield @, — 0,7 Py B2y +7Yn = Pn+Yn, Pn—Pvpn = Pyipn = Y(yn—Pvrqn),
and ¢, € Ap,. Therefore, (63) is a particular case of (50) when 6, =1 € ]0,2(8/7)[
and the results follow from Theorem 5.2. O

Remark 5.3: Note that, when V = #, (63) reduces to

Tnal = Tn + A (J«,A(xn — yBx,) — :En), (65)

which is the forward—backward splitting with constant step size (see [15] and the
references therein).

Remark 5.4: Set a, = b, = 0 in Theorem 4.2, set v € ]0,25[ and d, = 1 in
Theorem 5.2, and let (A,)nen be a sequence in [e, 1] for some ¢ € |0, 1[. Moreover
denote by (z&,yl)nen the sequence in V' x V- generated by Theorem 4.2 and
by (22,y2)nen the sequence in V x V+ generated by Theorem 5.2 when z§ =
x% =z9 € V and y(l] = y(z] = yo € V*+. Then, for every n € N, z} = 22 and
yl = y2. Indeed, x(l) = x% and y(l] = y(z] by assumption. Proceeding by mathematical
induction, suppose that =} = 22 = z,, and y!: = y2 = y,,. Hence, we deduce from

(37), ap, = b, =0, and (63) that

Ty 1 =2, + A(PvJya(z), — vPy Bx), + yy,) — 2,,)

1
= 22 + M (P Jya(zl — vPy Bzl + yy2) — x2)
=22, (66)

Moreover, since Py 1 = Id — Py, we obtain
1 1 1 1 1
Yn+1 = Yn — ()‘n/’Y)PVJ- J’YA(‘Tn - ’YPVan + fyyn)
= yn — (/) P2 Jya(a;, — vPy Bl + vy5)

= Yoi1s (67)

which yields the result. Therefore, both algorithms are the same in this case. How-
ever, even if both methods are very similar, they can be used differently depending
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on the nature of each problem. Indeed, the algorithm proposed in Theorem 4.2 al-
lows for explicit errors in the computation of the operators involved in the general
case and the relaxation parameters (\,),en are allowed to be greater than those
of the method in Theorem 5.2. On the other hand, the method in Theorem 5.2
allows for a dynamic step size §,, in the general case, which is not permitted in the
algorithm proposed in Theorem 4.2.

6. Applications

In this section we study two applications of our algorithms. First we study the
problem of finding a zero of the sum of m maximally monotone operators and
a cocoercive operator and, next, we study the variational case. Connections with
other methods in this framework are also provided.

6.1. Inclusion involving the sum of m monotone operators

Let us consider the following problem.

Problem 6.1: Let (H,|-|) be a real Hilbert space, for every i € {1,...,m},
let A;: H — 2" be a maximally monotone operator, and let B: H — H be a -
cocoercive operator. The problem is to

find x€H suchthat 0¢ ZA,-X + Bx, (68)
i=1

under the assumption that such a solution exists.

Problem 6.1 has several applications in image processing, principally in the varia-
tional setting (see, e.g., [17, 23] and the references therein), variational inequalities
[44, 45], partial differential equations [33], and economics [28, 35|, among others.
In [23, 46] two different methods for solving Problem 6.1 are proposed. In [46]
auxiliary variables are included for solving a more general problem including linear
transformations and additional strongly monotone operators. This generality does
not exploits the intrinsic properties of Problem 6.1 and it restricts the choice of the
parameters involved. On the other hand, the method in [23] takes into advantage
the structure of the problem, but involves restricting relaxation parameters and
errors. We provide an alternative version to the latter method, which allows for
a wider class of errors and relaxation parameters. The method is obtained as a
consequence of Theorem 4.2 and the version obtained from Theorem 5.2 is also
examined.

Let us provide a connection between Problem 6.1 and Problem 1.1 via product
space techniques. Let (w;)i<i<m be real numbers in ]0,1[ such that Y ", w; = 1,
let H be the real Hilbert space obtained by endowing the Cartesian product H™
with the scalar product and associated norm respectively defined by

CLYs(my) = Y wilhly) and [ e e | wibl?, (69)
i=1

1=1
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where z = (x;)1<i<m s a generic element of /. Define

V={z=(x)1<icm €EH|x1 =" =Xn}
JiH=V CH:x— (x,...,x)
A:,H_>2H:x'_>w%A1x1X”’XiAmxm
B:H— H:x— (Bxy,...,Bxpy).

(70)

Proposition 6.2:  Let H, (A;)i<i<m, and B be as in Problem 6.1, and let V, j,
A, and B be as in (70). Then the following hold.

(i) V is a closed vector subspace of H, Py : (xi)1<i<m — 7O i wixi), and

Nvi H — 2H
R VE ={z = (x)1<icm € H | 1%, wix; = 0}, if v €V;
, otherwise.
(71)
(i) j: H— V is a bijective isometry and j=1: (x,...,%) > x.

(ili) A is a mazimally monotone operator and, for every v € 0,400,
J’yA: (Xi)lgigm = (J'yAi/wiXi)-
(iv) B is B—cocoercive, B(j(x)) = j(Bx), and B(V) C V.
(v) For every x € H, x is a solution to Problem 6.1 if and only if j(x) €
zer(A+ B + Ny).
Proof: (i)&(ii): They follow from (6) and easy computations. (iii): See [6, Propo-
sition 23.16]. (iv): Let & = (x;)1<i<m and y = (¥i)1<i<m be in H. Then, it follows
from (70) and the S—cocoercivity of B that

(Bz—By |z—y) = wi(Bxi—By; | x; —yi) > BY_ wi|Bx; — By;|*=8||Bz — By||?,

i=1 =1
(72)
which yields the cocoercivity of B. The other results are clear from the definition.
(v): Let x € H. We have

0€e Z Ax+Bx < <E| (yi)lgigm S X AZ'X> 0= Zyi + Bx
=1 =1 i=1

= <E| (Yi)lgigm S X Aix> 0= Zwi(_)/i/wi _ Bx)
i=1 et

< <5| (Yi)i<i<m € :><1Aix>
— (y1/wi,- - Ym/wm) — §(Bx) € V' = Ny (j(x))

& 0€A(()) + B(i(x) + Nv(j(x))

& j(x) €zer(A+ B+ Ny), (73)
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which yields the result. O

The following algorithm solves Problem 6.1 and is a direct consequence of The-
orem 4.2.

Proposition 6.3: Let v € ]0,208], let « = max{2/3,2v/(y + 25)}, let (An)nen
be a sequence in ]0,1/af, for every i € {1,...,m}, let (ap)nen and (b;n)nen be
sequences in H, and suppose that

Z An(l —aX,) =400 and max )\n<\an\ + \b,n]> < +o0. (74)
neN SN

Moreover let (z;0)1<i<m € H™ and consider the following routine.

Xn = ZZZI WiZin
Fori:=1,...,.m
(Vn € N) Sijn = 2Xn — Zin — v(Bxp + an) (75)
Pin = J«/Ai/wisi,n + bi,n
Zin+l = Zip + )\n(pz,n - Xn)-

Then, the following hold for some solution X to Problem 6.1.
(i) xp — X.
(ii) Bx, — BX.
(iil) Xp41 —xp — 0.

Proof: Set, for every n € N, 2, = j(x), an = j(an), bn = (bin)i<i<m, Un =
(Yin)i<i<ms Zn = (Zin)i<i<m, Pn = (Pin)i<i<m, and g, = (din)1<i<m- It follows
from Proposition 6.2(i) and (75) that, for every n € N, z,, = Py z,,. Hence, it follows
from (70) and Proposition 6.2 that (75) can be written equivalently as

T, = Pyz,
Yn = (Tn — 20)/7Y
(Vn € N) Sp = xn — YPv (Bfﬂn + an) + YYn (76)

Dn = JyASn + by,
Zn4+1 = 2Zn + )\n(pn - $n)

Moreover, it follows from (69) that

llanl[ + [16nl] = fan| +

> wilbinl? < fan] + Y byl (77)
i—1 i=1

and, hence, (74) yields Y - An(||an ||+ ||bn]]) < +o00. Altogether, Theorem 4.2 and
Proposition 6.2(v) yield the results. O

Remark 6.1:

(i) In the particular case when (A, )nen is such that 0 < lim \, < lim \,, < 1/«
and the errors are summable, the algorithm (75) reduces to the method
n [23]. Condition (74) allows for a larger class of errors and relaxation
parameters.

(ii) Set a, = 0, for every ¢ € {1,...,m}, set b;,, = 0, let v € ]0,25], and
let (An)nen be a sequence in [g, 1] for some € € |0, 1[. Then it follows from
Remark 5.4 that the algorithm in Proposition 6.3 coincides with the routine:
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let xo € H, let (yio)i<i<m € H™ such that ;" wiy;o = 0, and set

Fori=1,....m
Si;n = Xn — ’Yan + VYin
(Vn S N) Pi,;n = J’yAi/wlSZ n (78)

Yijn+1 = Yin ( n/’Y)(Zgl WiPin — pi,n)
Xn+1 = Xn + A (Zz 1 WiPin — Xn)

which is the method proposed in Corollary 5.3 applied to Problem 6.1. In
the particular case when B = 0, v = 1, and \,, = 1, (78) reduces to [16,
Corollary 2.6].

(iii) It follows from (38) that, in the case when B = 0, the method proposed in
Proposition 6.3 follows from the iteration

(Vn S N) Zn4+1 = 2Zn + )\n(T—yzn +bp, — Zn) (79)

where A and V' are defined in (70). This method is very similar to the
algorithm proposed in [16, Theorem 2.5]. Indeed the only difference is that
instead of the operator T, = (Id +R,aRn, )/2 used in Proposition 6.3, in
[16, Theorem 2.5] is used the operator (Id +Ry, Ra)/2.

Corollary 6.4: Let v € |0,400[, let (Ap)nen be a sequence in 0,3/2[, for every

ie{l,...,m}, let (b;n)nen be sequences in H, and suppose that
Ze;]/\ —2\,) =400 and Igllfi};{nZ)\ |bin| < +o0. (80)
n

Moreover, let (z10,220) € H? and consider the following routine.

Xp = (Zl,n + Z2,n)/2
Pin = J2~/A1(Z2,n) + bi,n
(Vne€N) | p2n = Joya,(z1,0) + ban (81)
Z1n+1 = Z1n + )\n(pl,n - XTL)
Zopt+1 = Z2.n + )\n(p2,n — Xn)-

Then, the following hold for some solution X € zer(A; + Az).

(i) %, =X
(il) Xpt1 —Xn — 0.

Proof: Is a direct consequence of Proposition 6.3 in the particular case when
m=2 B=0,a=2/3, and w; = wy = 1/2. O

Remark 6.2:

(i) The most popular method for finding a zero of the sum of two maximally
monotone operators is the Douglas—Rachford splitting [31, 43], in which
the resolvents of the operators involved are computed sequentially. In the
case when these resolvents are hard to compute, Corollary 6.4 provides
an alternative method which computes in parallel both resolvents. This
method is different to the parallel algorithm proposed in [10, Corollary 3.4].

(ii) For every i€ {1,...,m}, set b;,, =0 and let (A,)nen be a sequence in [e, 1]
for some € € ]0, 1[. Then it follows from Remark 5.4 that the algorithm in
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Corollary 6.4 coincides with the routine: let xg € H, let vy € H, and set

Si,n = Xn + YVn

S2.n = Xp — YVn

(Vn c N) P1,n i J2'yA151,TL (82)
P2n = J2—yA252,n

Vat1 = Vi + (A /(27))(P2,n — P1,n)

| Xn4+1 = (1 = An)xn + (An/2)(P1n + P2,n),

which is the method proposed in (78) applied to find a zero of Aj+ Az when
wi =wz =1/2 and y1, = —y2.5 = Vp.

6.2. Variational case

We apply the results of the previous sections to minimization problems. Let us
first recall some standard notation and results [6, 47]. We denote by I'o(#H) be
the class of lower semicontinuous convex functions f: H — |—o00,400| such that
dom f = {z €M | f(z) < +oo} # @. Let f € I'g(H). The function f + | - —z|?/2
possesses a unique minimizer, which is denoted by prox; z. Alternatively,

prox; = (Id +0f)_1 = Joy, (83)

where 0f: H — 2%z — {ueH | (VyeH) (y—xz|u)+ f(z) < f(y)} is the
subdifferential of f, which is a maximally monotone operator. Finally, let C be a
convex subset of H. The indicator function of C' is denoted by it and its strong
relative interior (the set of points in = € C such that the cone generated by —z+ C
is a closed vector subspace of H) by sri C. The following facts will also be required.

Proposition 6.5: Let V be a closed vector subspace of H, let f € To(H) be such
that VNdom f # @, let g: H — R be differentiable and convex. Then the following
hold.

(i) zer(0f + Vg+ Ny) C Argmin(f + g+ wv).

(ii) Suppose that one of the following is satisfied.
(a) Argmin(f +g+ty)# @ and 0 € sri(dom f — V).
(b) Argmin(f + g+ ¢ty) C Argmin f N Argmin(g + vy) # 9.
Then zer(0f + Vg+ Ny) # @.

Proof: (i): Since domg = H, it follows from [6, Corollary 16.38(iii)] that 9(f +
g) = 0f+Vg. Hence, it follows from VNdom f # &, [6, Proposition 16.5(ii)], and [6,
Theorem 16.2] that zer(0f +Vg+ Ny) = zer(9(f +g)+ Ny ) C zer(O(f+g+tv)) =
Argmin(f + g+ ty).

(ii)(a): Since dom g = H yields dom(f+g) = dom f, sri(dom f—V') = sri(dom(f+
g) — domty). Therefore, it follows from Fermat’s rule ([6, Theorem 16.2]) and [6,
Theorem 16.37(i)] that, for every z € H,

@ # Argmin(f + g+ o) =zerd(f + g+ )
= zer (a(f +9) —I—NV)
=zer (Of + Vg + Nv). (84)

(ii)(b): Using [6, Corollary 16.38(iii)] and (i), from standard convex analysis we
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have

Argmin f N Argmin(g + vy) = zer 0f Nzer d(g + ty)
=zer df Nzer(Vg+ Ny)
C zer(0f + Vg + Ny)
C Argmin(f + g + tv). (85)

Therefore, the hypothesis yields zer(0f +Vg+ Ny) = Argmin f N Argmin(g+ty) #
. ([

The problem under consideration in this section is the following.

Problem 6.6: Let V be a closed vector subspace of H, let f € T'g(H), and let
g: H — R be a differentiable convex function such that Vg is ! Lipschitzian.
The problem is to

mi]gieﬁr}ize f(z) + g(z). (86)

Problem 6.6 has several applications in partial differential equations [33, Sec-
tion 3|, signal and image processing [2, 12, 13, 17, 20, 21], and traffic theory [3, 39]
among other fields.

In the particular case when V' = H, Problem 6.6 has been widely studied, the
forward-backward splitting can solve it (see [3, 15] and the references therein), and
several applications to multicomponent image processing can be found in [9] and
[11]. In the case when g = 0, the partial inverse method in [42] solves Problem 6.6
with some applications to convex programming. In the general setting, Problem 6.6
can be solved by methods developed in [10, 17, 23] but without exploiting the struc-
ture of the problem. Indeed, in the algorithms presented in [10, 17] it is necessary
to compute prox, = (Id +Vg)~! and, hence, they do not exploit the fact that Vg
is single-valued. In [23] the method proposed computes explicitly Vg, however, it
generates auxiliary variables for obtaining Py via product space techniques, which
may be numerically costly in problems with a big number of variables. This is
because this method does not exploit the vector subspace properties of V. The fol-
lowing result provides a method which exploit the whole structure of the problem
and it follows from Proposition 5.3 applied to optimization problems.

Proposition 6.7: Let H, V, f, and g be as in Problem 6.6, let v € ]0,25], let
a =max{2/3,2v/(y + 28)}, let (A\)nen be a sequence in |0,1/al, let (an)nen and
(bn)nen be sequences in H, and suppose that

> Ml —ad) =+00 and Y Anlllan] + [Iball) < +o00 (87)

neN neN

and that

zer(Of +Vg+ Ny) # @. (88)
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Moreover let zy € H and set

T, = Pyz,
Yn = (Tn — 2n)/Y
(VR eN) | sp =an —vPv (Vg(zy) + an) + 9 (89)

Prn = PTOXyf Sn +bn
Zn+1 = Zn + )\n(pn - xn)

Then, the sequences (Tn)nen and (Yn)nen are in V. and V*, respectively, and the
following hold for some solution T to Problem 6.6 and some § € V+ N (8f(f) +

PyVy()).
(i) zn, =T and y, 7.
(11) Tpt1 — Tn — 0 and Yni1 —yn — 0.

(iii)

> nen MllPv (Va(@a) — Vg(T)) I < +o00.

Proof: It follows from Baillon-Haddad theorem [4] (see also [5]) that Vg is -
cocoercive and, in addition, df is maximally monotone. Therefore, the results follow
from Theorem 4.2, Proposition 6.5(i), and (83) by taking A =0f and B = Vg. O

Remark 6.3:

(i)
(i)

(iii)

Conditions for assuring condition (88) are provided in Proposition 6.5(ii).
Set a,, = 0 and b, = 0, let v € ]0,205], and let (A, )nen be a sequence in [g, 1]
for some € € ]0, 1[. Then it follows from Remark 5.4 that the algorithm in
Proposition 6.7 coincides with the routine: let zg € V, let yo € V*, and set

sn = Tn — VPV Vg(zn) +Yn
Pn = ProX, r Sn
vn € N v/ 90
( ) Yn+1 = Yn + ()\n/’Y)(PVpn - pn) ( )
Tpil = Tp + )\n(PVpn - xn),

which is the method proposed in Corollary 5.3 applied to Problem 6.6.
Recently in [19] an algorithm is proposed for solving simultaneously

mir;ie%ize f(z)+g(x) + h(Lz), (91)

and its dual, where G is a real Hilbert space, h € I'g(G), and L: H — G
is linear and bounded. In the particular case when G = H, h = 1y, and
L =1d, (91) reduces to Problem 6.6. In this case, the method is different to
(89) and, additionally, it needs a more restrictive condition on the proximity
parameter and the gradient step when the constants involved are equal.
Consider the problem involving N convex functions

N

o . 7 5
minimize ; (x) + g(x) (92)

where H is a real Hilbert space, V is a closed vector subspace of H, (f;)1<i<n
are functions in I'g(H), and g is convex differentiable with Lipschitz gra-
dient. Under qualification conditions, (92) can be reduced to Problem 6.1
with m = N + 1, for every ¢ € {1,...,N}, A; = 0f;, Ay+1 = Ny, and
B = Vg. Hence, Proposition 6.3 provides an algorithm that solves (92),
which generalizes the method in [23] in this context by allowing a larger
class of relaxation parameters and errors.
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