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Abstract

The principle underlying this paper is the basic observation that the problem of simultaneously
solving a large class of composite monotone inclusions and their duals can be reduced to that of
finding a zero of the sum of a maximally monotone operator and a linear skew-adjoint operator. An
algorithmic framework is developed for solving this generic problem in a Hilbert space setting. New
primal-dual splitting algorithms are derived from this framework for inclusions involving composite
monotone operators, and convergence results are established. These algorithms draw their simplic-
ity and efficacy from the fact that they operate in a fully decomposed fashion in the sense that
the monotone operators and the linear transformations involved are activated separately at each
iteration. Comparisons with existing methods are made and applications to composite variational
problems are demonstrated.

2000 Mathematics Subject Classification: Primary 47HO05; Secondary 65K05, 90C25.

Keywords: composite operator, convex optimization, decomposition, duality, Fenchel-Rockafellar duality, min-
imization algorithm, monotone inclusion, monotone operator, operator splitting

*Contact author: P. L. Combettes, plc@math. jussieu.fr, phone: +33 1 4427 6319, fax: +33 1 4427 7200. This work
was supported by the Agence Nationale de la Recherche under grant ANR-08-BLAN-0294-02.



1 Introduction

A wide range of problems in areas such as optimization, variational inequalities, partial differential
equations, mechanics, economics, signal and image processing, or traffic theory can be reduced to
solving inclusions involving monotone set-valued operators in a Hilbert space H, say

find z € H such that z € Mz, (1.1)

where M: H — 2" is monotone and z € H, e.g., [13, 14, 19, 20, 23, 26, 35, 39, 40, 43]. In many
formulations of this type, the operator M can be expressed as the sum of two monotone operators,
one of which is the composition of a monotone operator with a linear transformation and its adjoint.
In such situations, it is often desirable to also solve an associated dual inclusion [1, 3, 4, 16, 22, 27,
28, 29, 31, 32, 33, 37]. The present paper is concerned with the numerical solution of such composite
inclusion problems in duality. More formally, the basic problem we consider is the following.

Problem 1.1 Let # and G be two real Hilbert spaces, let A: H — 2" and B: G — 29 be maximally
monotone, let L: H — G be linear and bounded, let z € H, and let r € G. The problem is to solve

the primal inclusion
find € H such that 2z € Az + L*B(Lx —r) (1.2)

together with the dual inclusion
find v € G such that —r¢e€ —LA Yz - L*)+ B v, (1.3)

The set of solutions to (1.2) is denoted by P and the set of solutions to (1.3) by D.

A classical instance of the duality scheme described in Problem 1.1 is the Fenchel-Rockafellar
framework [33] which, under a suitable constraint qualification, corresponds to letting A and B be
subdifferentials of proper lower semicontinuous convex functions f: H — |—o0,+o0] and g: G —
] —00, 400, respectively. In this scenario, the problems in duality are

migierg{lize fx)+g(Lx—r)— (x| 2) (1.4)
and
mir;ielgize f*(z—=L*'v) +g*(v) + (v |r). (1.5)

Extensions of the Fenchel-Rockafellar framework to variational inequalities were considered in [1, 18,
22, 28], while extensions to saddle function problems were proposed in [25]. On the other hand, general
monotone operators were investigated in [3, 4, 7, 27] in the case when G = H and L = Id. The general
duality setting described in Problem 1.1 appears in [16, 29, 31].

Our objective is to devise an algorithm which solves (1.2) and (1.3) simultaneously, and which uses
the operators A, B, and L separately. In the literature, several splitting algorithms are available for
solving the primal problem (1.2), but they are restricted by stringent hypotheses. Let us set

Ay H —=2M 0 —24 Az and Ag: H — 2" o L*B(Lx — 1), (1.6)

and observe that solving (1.2) is equivalent to finding a zero of A; + As. If B is single-valued and
cocoercive (its inverse is strongly monotone), then so is Ay, and (1.2) can be solved by the forward-
backward algorithm [10, 26, 40]. If B is merely Lipschitzian, or even just continuous, so is Ag, and



(1.2) can then be solved via the algorithm proposed in [41]. These algorithms employ the resolvent
of A1, which is easily derived from that of A, and explicit applications of Ao, i.e., of B and L. They
are however limited in scope by the fact that B must be single-valued with restrictive continuity
properties. The main splitting algorithm to find a zero of A; + A when both operators are set-
valued is the Douglas-Rachford algorithm [11, 15, 24, 38]. This algorithm requires that both operators
be maximally monotone and that their resolvents be computable to within some quantifiable error.
Unfortunately, these conditions are seldom met in the present setting since Ay may not be maximally
monotone [29, 31] and, more importantly, since there is no convenient rule to compute the resolvent
of Ay in terms of L and the resolvent of B unless stringent conditions are imposed on L (see [6,
Proposition 23.23] and [20]).

Our approach is motivated by the classical Kuhn-Tucker theory [34], which asserts that points
T € ‘H and v € G satisfying the conditions

(0,0) € (=24 9f(@) + L*v, r + dg*(v) — LT) (1.7)

are solutions to (1.4) and (1.5), respectively. By analogy, it is natural to consider the following problem
in conjunction with Problem 1.1.

Problem 1.2 In the setting of Problem 1.1, let I = H & G and set
M:K—2%: (z,0) = (—z+Az) x (r+ B~'0) and S:K — K: (z,v) = (L*v,—Lz). (1.8)

The problem is to
find x € K such that 0€ Mz + Sz. (1.9)

The investigation of this companion problem may have various purposes [1, 16, 29, 31]. Ours is to
exploit its simple structure to derive a new splitting algorithm to solve efficiently Problem 1.1. The
crux of our approach is the simple observation that (1.9) reduces the original primal- dual problem
(1.2)—(1.3) to that of finding a zero of the sum of a maximally monotone operator M and a bounded
linear skew-adjoint transformation S. In Section 2 we establish the convergence of an inexact splitting
algorithm proposed in its original form in [41]. FEach iteration of this forward-backward-forward
scheme performs successively an explicit step on S, an implicit step on M, and another explicit step
on S. We then review the tight connections existing between Problem 1.1 and Problem 1.2 and, in
particular, the fact that solving the latter provides a solution to the former. In Section 3, we apply
the forward-backward-forward algorithm to the monotone+skew Problem 1.2 and obtain a new type
of splitting algorithm for solving (1.2) and (1.3) simultaneously. The main feature of this scheme,
that distinguishes it from existing techniques, is that at each iteration it employs the operators A, B,
and L separately without requiring any additional assumption to those stated above except, naturally,
existence of solutions. Using a product space technique, we then obtain a parallel splitting method
for solving the m-term inclusion

m
find x € H such that z €& ZL;"Bi(Lix —7i), (1.10)
i=1

where each maximally monotone operator B; acts on a Hilbert space G;, r; € G;, and L;: H — G;
is linear and bounded. Applications to variational problems are discussed in Section 4, where we
provide a proximal splitting scheme for solving the primal dual problem (1.4)—(1.5), as well as one for
minimizing the sum of m composite functions.



Notation. We denote the scalar products of H and G by (- | -) and the associated norms by || - ||.
B (H,G) is the space of bounded linear operators from H to G, B (H) = B (H,H), and the symbols —
and — denote respectively weak and strong convergence. Moreover, H @& G denotes the Hilbert direct
sum of H and G. The projector onto a nonempty closed convex set C' C H is denoted by Pc, and its
normal cone operator by N¢, i.e.,

{ueH|(WWel) (y—x|u) <0}, ifzeC;

i (1.11)
I, otherwise.

NC:H—>2H:9U*—>{

Let M: H — 2% be a set-valued operator. We denote by ran M = {u € H | (3z € H) u € Mz} the
range of M, by domM = {z € H | Mz # @} its domain, by zer M = {x € H | 0 € Mz} its set of
zeros, by gra M = {(a;, u) EHXH|ue Mx} its graph, and by M~! its inverse, i.e., the set-valued
operator with graph {(u,z) € H x H | u € Mxz}. The resolvent of M is Jy; = (Id+M)~!. Moreover,
M is monotone if

(V(z,y) € H x H)V(u,v) € Mx x My) {(x—y|u—uv)>0, (1.12)

and maximally so if there exists no monotone operator M : H — 2" such that gra M C gra M # gra M.
In this case, Jjs is a nonexpansive operator defined everywhere in H. For background on convex
analysis and monotone operator theory, the reader is referred to [6, 42].

2 Preliminary results

2.1 Technical facts

The following lemmas will be needed subsequently (see for instance [9, Lemma 3.1] and [9, Theo-
rem 3.8], respectively).

Lemma 2.1 Let (an)nen be a sequence in [0,400|, let (Bn)nen be a sequence in [0, 400, and let
(En)nen be a summable sequence in [0, +oo[ such that (Vn € N) any1 < ay — B +en. Then (a)nen
converges and (Bn)nen i summable.

Lemma 2.2 Let C be a nonempty subset of H and let (xn)nen be a sequence in H. Suppose that, for
every x € C, there exists a summable sequence (ep)nen in [0, +00[ such that

(Vn €N) [|lzps1 —2|* < |z — 2] + en, (2.1)

and that every sequential weak cluster point of (xyn)nen s in C. Then (zp)nen converges weakly to a
point in C'.

We shall also require the following definition.

Definition 2.3 [2, Definition 2.3] An operator M: H — 2™ is demiregular at x € dom M if, for
every sequence ((Tn,Un))nen in graM and every u € Mx such that x, — x and u, — u, we have
Ty — T.

Lemma 2.4 [2, Proposition 2.4] Let M: H — 2™ and let x € dom M. Then M is demireqular at x
in each of the following cases.



(i) M is uniformly monotone at x, i.e., there exists an increasing function ¢: [0,~+oo[ — [0, +00]
that vanishes only at 0 such that (Yu € Mx)(¥(y,v) € graM) (x —y | u —v) > ¢(||lz — yl|).

(ii) M is strongly monotone, i.e., there exists o € |0, +oo[ such that M — «1d is monotone.

(iii) Jas is compact, i.e., for every bounded set C C H, the closure of Jyr(C) is compact. In particular,
dom M is boundedly relatively compact, i.e., the intersection of its closure with every closed ball
18 compact.

(iv) M:H — H is single-valued with a single-valued continuous inverse.

(v) M s single-valued on dom M and Id—M is demicompact, i.e., for every bounded sequence
Tn)nen tn dom M such that (Mx,)n,en converges strongly, (xp)neny admits a strong cluster
(@n)ne € g gly € g
point.

2.2 An inexact forward-backward-forward algorithm

Our algorithmic framework will hinge on the following splitting algorithm, which was proposed in the
error-free case in [41]. We provide an analysis of the asymptotic behavior of an inexact version of this
method which is of interest in its own right.

Theorem 2.5 Let H be a real Hilbert space, let A: H — 2% be mazimally monotone, and let
B: H — H be monotone. Suppose that zer(A + B) # & and that B is [3-Lipschitzian for some
B € 10,400]. Let (ap)nen, (bn)nen, and (cp)nen be sequences in H such that

D llan] < 400, D llball < +00,  and Y leall < +o, (2.2)

neN neN neN

let xy € H, let € €]0,1/(B + 1), let (yn)nen be a sequence in [e, (1 —€)/f], and set

Yp = Ty — Yn(Bxy + ay)

P, = J. AY +bn
Vn € N " T In 2.3
Tptl = Tn — Yp + gy

Then the following hold for some @ € zer(A + B).

(1) ZnEN Hwn - pn||2 < 400 and EnEN Hyn - qn||2 < +00.
(ii) @, — T and p, — T.
(iii) Suppose that one of the following is satisfied.

(a) A+ B is demiregular at @.
(b) A or B is uniformly monotone at .

(c) intzer(A + B) # @.

Then x, - T and p,, — .



Proof. Let us set
Y, = Tn — WmBx,

(VneN) (P, =Jy,aY, (2.4)
and

(VneN) e, =v,—4q,—Y,+q,. (2.5)
Then

(Vn€N) 7, (U, — Pn) € AP, (2.6)

Now let « € zer(A+ B) and let n € N. We first note that (x, —y,Bx) € gray,A. On the other hand,
(2.6) yields (p,,, ¥,, — Pn,) € gravyn,A. Hence, by monotonicity of v, A, (p,, — = | p,, — Y, — nBx) <0.
However, by monotonicity of B, (p,, — « | ynBx — v, Bp,,) < 0. Upon adding these two inequalities,
we obtain (p,, — x | p,, — Y, — ¥nBp,) < 0. In turn, we derive from (2.4) that

2(pp —x [Py — Y — mBP,) +2(p, — | mBxn + Y, —Py)

2(p, — x| ywBxn + Y, — Py)
2(pp —x | Tn — Py

= zn — 2| = 1P, — 2|* — |z — Pnll” (2.7)

2n <ﬁn - | Bz, — Bﬁn> =

IN

and, therefore, using the Lipschitz continuity of B, that

ln — U +@n — )* = (B — @) + 30 (Bzn — Bp,)|I?

= P, — | + 29 (P, — @ | Bxn — Bp,) + ;| By — B,

< lzn — l|* = |0 — Pl + 73| Bxn — Bp, |

< len — 2[? = (1 = 7767 llzn — Pnll?

< laen — [|* = €%l — pyl*. (2.8)

We also derive from (2.3) and (2.4) the following inequalities. First,

1Un = Unll = mllanl < llaall/5. (2.9)

Hence, since J,, o is nonexpansive,

120, — Pull = 17y, 4 Y — Sy, 4y, — bu
< Jvna¥n = Jy,aynll + [[ball
< 1Un = yull + [lbn]
< llanll/B + [[bnl]- (2.10)

In turn, we get

18, — g, ll = IPr, = WBP, — Py + (Bp,, + )|
< |1Pn = Poll + 70| BPy, — Bp, [l + mllenll
< (1 +mB)Pn — Pall + mllenll
< 2(llanll/B + [1bnll) + llenll/B- (2.11)



Combining (2.5), (2.9), and (2.11) yields [leal] < 5 — gl + 3 — @ull < 3lanll/8 +20lball + llcall/8
and, in view of (2.2), it follows that

> llexll < +oo. (2.12)

keN
Furthermore, (2.3), (2.5), and (2.8) imply that

1041 — 2| = 20 -y + @ — 2] <[|®n — Y, + @, — @ + [len] < |20 -zl + flen].  (2.13)

Thus, it follows from (2.12) and Lemma 2.1 that (z)ren is bounded, and we deduce from (2.4) that,
since the operators B and (J,, a)ren are Lipschitzian, (yy)ren, (Pr)ren, and (q;)ren are bounded.
Consequently, p = supyey ||k — Ur, + @, — || < +00 and, using (2.3), (2.5), and (2.8), we obtain
|zns1 = |* = llzn -y, + @, — 2]
= [lzn — 9, + G, — =+ en
= ”il}n _gn +zjn _wHQ +2<£Un _ﬂn +an - ‘ €n> + ||6nH2
<llzn —2|® = 2l|lzn — Bull® +en,  where e, = 2ullen]| + [len . (2.14)

(i): Tt follows from (2.12), (2.14), and Lemma 2.1 that

S [ — Bull? < +oc. (2.15)
neN
On the other hand, since (2.2) and (2.10) imply that

> Ipn = pall < +o0, (2.16)
neN

we have Yy [P, — P,l|? < +00. We therefore infer that Y, . [@n — p,||* < 40c0. Furthermore,
since (2.5) and (2.4) yield

(VTZEN) ”yn_qn”2 = ||§n_an+en”2
= [|lzn — P, — Wu(Bx, — Bp,) + enH2
<3(l2n = Pull® + 728 [®n — Pull” + [lenl)
< 6[@n — py|1* + 3llenll?, (2.17)
we derive from (2.15) and (2.12) that Y, .y |y, — @, * < +oc.

(ii): Set

Using (2.4) and (2.6), we get
(fn €N) un =" (¥, ~ P,) + B, € AP, + Bp,. (2.19)
On the other hand, using (2.15), the Lipschitz continuity of B, and (2.18) we obtain

Bp, — Bx, -0 and wu, — 0. (2.20)



Now, let w be a weak sequential cluster point of (x,)nen, say xr, — w. It follows from (2.19) that
(P, > Wk, Jnen lies in gra(A + B), and from (2.15) and (2.20) that

Dr, —w and ug, — 0. (2.21)

Since B: H — H is monotone and continuous, it is maximally monotone [6, Corollary 20.25]. Further-
more, since dom B = #H, A+ B is maximally monotone [6, Corollary 24.4(i)] and its graph is therefore
sequentially closed in H"% x H5°m8 [6, Proposition 20.33(ii)]. Therefore, (w,0) € gra(A + B). Us-
ing (2.14), (2.12), and Lemma 2.2, we conclude that there exists € zer(A + B) such that =, — @.
Finally, in view of (i), p,, — @.

(iii)(a): As shown in (ii), p,, — ®. Hence (2.16) yields p,, — ®&. Moreover, (2.20) yields u,, — 0
and (2.19) yields (Vn € N) (p,,, u,) € gra(A + B). Altogether, Definition 2.3 implies that p,, — T
and, therefore, using (2.16), that p,, — @. Finally, it results from (i) that x,, — @.

(iii)(b)=-(iii)(a): The assumptions imply that A+ B is uniformly monotone at . Hence, the result
follows from Lemma 2.4(1i).

(iii)(c): It follows from (2.14), (2.12), (ii), and [9, Proposition 3.10] that x,, — . In turn, (i) yields
p, — . 0O

Remark 2.6 The sequence (@n)nen, (bn)nen, and (¢,)nen in (2.3) model errors in the evaluation
of the operators. In the error-free setting, the weak convergence of (x,)nen to a zero of A + B in
Theorem 2.5(ii) follows from [41, Theorem 3.4(b)].

2.3 The monotone+skew model

Let us start with some elementary facts about the operators M and S appearing in Problem 1.2.

Proposition 2.7 Consider the setting of Problem 1.1 and Problem 1.2. Then the following hold.

1s mazximally monotone.

() M

(ii) SeB(K), §* =-8, and ||S|| = ||L]|.

(iii) M + S is mazimally monotone.

(iv) (Vy € ]0,+o0))(Va € H) (Vo € G) Jynr(z,v) = (Jya(z +72), J,p-1(v —77)).
(v) (V7 € 10, +oo) (Vo € H)(Vv € G)

Jys(x,v) = ((Id+72L*L)_1(1: —yL*v), (Id+~+*LL*) (v + vLz)).

Proof. (i): Since A and B are maximally monotone, it follows from [6, Propositions 20.22 and 20.23]
that M is likewise.

(ii): The first two assertions are clear. Now let (z,v) € IKC. Then ||S(z,v)||? = ||(L*v, —Lz)|]* =
1L*0]* + || Z|* < [ZIP([v]? + ll2l?) = ILI?(z,v)[I%. Thus, [IS|| < [|Z]l. Conversely, |z <1 =
(2, 0)[I <1 = [[Lz]| = [|S(z,0)[| < [|S]|. Hence [[L] < |S].



(iii): By (i), M is maximally monotone. On the other hand, it follows from (ii) that S is monotone
and continuous, hence maximally monotone [6, Example 20.29]. Altogether, since dom S = K, it
follows from [6, Corollary 24.4(i)] that M + S is maximally monotone.

(iv): This follows from [6, Propositions 23.15(ii) and 23.16].

(v): Let (z,v) € KK and set (p, ¢) = Jys(x,v). Then (z,v) = (p,q)+7S(p,q) and hence x = p+yL*q
and v = ¢ — yLp. Hence, Lz = Lp +~vLL*q and L*v = L*q — vL*Lp. Thus, z = p + yL*v +~+2L*Lp
and therefore p = (Id +~2L*L)~!(z — vL*v). Likewise, v = ¢ — vyLz 4+ v?LL*q, and therefore q =
(Id+~2LL*)"Y(v +yLx). O

The next proposition makes the tight interplay between Problem 1.1 and Problem 1.2 explicit.
An alternate proof of the equivalence (iii)<(iv)<(v) can be found in [29] (see also [3, 16, 27, 31] for
partial results); we provide a direct argument for completeness.

Proposition 2.8 Consider the setting of Problem 1.1 and Problem 1.2. Then
(i) zer(M + S) is a closed convex subset of P x D.

Furthermore, the following are equivalent.

(ii) z eran(A+ L* o Bo (L - —r)).

(i) P # @.

)
)
(iv) zer(M + S) # @.
(v) D# .

)

(vi) —r €ran(—Lo A~Yo (2 — L*)+ B71).

Proof. The equivalences (ii)<(iii) and (v)<(vi) are clear. Now let (z,v) € K.

(i): We derive from from (1.8) that (z,v) € zer(M+S) < (0 € —z+Ax+L*vand 0 € r+B~lv—Lx)
S (z—L*v€ Az and Lr —r € B™'v) & (2 — L*v € Az and v € B(Lx — 7)) = (2 — L*v € Ax
and L*v € L*(B(Lx —1))) = z € Az + L*(B(Lx —r)) & x € P. Similarly, (z — L*v € Az and
Lr—r € B W) & (xr € A7 (2 — L*v) and r — Lx € —B~ 1) = (Lx € L(A71(2 — L*v)) and
r— Ly € —B ) = r € L(AY(2 — L*v)) — B~ 'v < v € D. Finally, since M + S is maximally
monotone by Proposition 2.7(iii), zer(M + S) is closed and convex [6, Proposition 23.39].

(iii)=(iv): In view of (1.8), z € P& z € Az+ L*(B(Lz—71)) & (Jw e G) (2 —L*w € Az and w €
B(Lz—r)) & (Bwe @) z€ Az + L*wand —r € B~ 'w — Lz) & (3w € G) (z,w) € zer(M + S).

(iv)=-(iii) and (iv)=(v): These follow from (i).

V)=(v): veD e re LAY (2 -~ L*w) - B lvwe By eH) (ye A (2 — L*v) and r € Ly
-B W) e (3yeH)(0€ —z2+Ay+L*vand 0 €r+ B lv—Ly) & (3y € H) (y,v) € zer(M + S). O

Remark 2.9 Suppose that z € ran(A+ L*B(L - —r)). Then Proposition 2.8 asserts that solutions to
(1.2) and (1.3) can be found as zeros of M + S. In principle, this can be achieved via the Douglas-
Rachford algorithm applied to (1.9): let (an)neny and (by)nen be sequences in IC, let (Ap)nen be a



sequence in ]0, 2[ such that b, — 0, >° - Au(||@n|| + [|br]]) < 400, and >, - An(2 — Ap) = +o0, let
Yo € K, let v € ]0, +00[, and set

Tn = Jysy, +by
Vn eN T I 2.22

( ) \‘ Yni1 = Yn T M (JWM(QCBn —Y,) +a, — mn) ( )
Then it follows from Proposition 2.7(i)—(iii) and [11, Theorem 2.1(i)(c)] that (x,,),en converges weakly
to a point in zer(M + S). Now set (Vn € N) &, = (Zn,vn), Y = Win,Y2,n)s @n = (a1n,02,), and
by, = (bi,n,b2,). Then, using Proposition 2.7(iv)&(v), (2.22) becomes

Tn = (Id+72L*L)_1(yl,n - ’YL*yQ,n) + bl,n

Un = (Id +72LL*)71(y2,n + ’YLyl,n) + b2,n

Yin+l = Yin + )\n(J'yA(233n —Yint ’YZ) +a1n — fl:n)
Y2n+1 = Yo2n + )\n(erBfl (2vn —Y2n — 'YT) + agn — Un)-

(Vn € N) (2.23)

Moreover, (z,)nen converges weakly towards a solution T to (1.2) and (v, )nen towards a solution ©
to (1.3) such that z — L*v € AZ and v € B(Lx — r). However, a practical limitation of (2.23) is
that it necessitates the inversion of two operators at each iteration, which may be quite demanding
numerically.

Remark 2.10 It follows from (2.13) that the error-free version of the forward-backward-forward
algorithm (2.3) is Fejér-monotone with respect to zer(A + B), i.e., for every n € N and every x €
zer(A + B), ||n+1 — || < ||xn — x|. Now let n € N. Then it follows from [5, Section 2] that there
exist A, € [0,2] and a closed affine halfspace H,, C ‘H containing zer(A + B) such that

Tn+l = Tp + )\n(Pann - xn) (224)

In the setting of Problem 1.2, H,, and A, can be determined easily. To see this, consider Theorem 2.5
with H = K, A= M, and B =S. Let T € zer(M + S) and suppose that g, # vy, (otherwise,
we trivially have H,, = K). In view of (2.3), y,, — p,, € "mMp,, and —7,ST € v, MT. Hence,
using the monotonicity of 7, M and Proposition 2.7(ii), we get 0 < (p,, — T | y,, — P, + nST) =
Pn | Yn —Pp) — (@[ Yy, = Pn) + 1 (S"P, [ T) = (Pn | Y — Pn) — (T | Yy, — P + 70 SP,,). Therefore,
we deduce from (2.3) that (Z | y,, — q,,) < (P, | Y, — Pn) = (P, | Y, — q,,). Now set

I

Spn_wn
H,={zcK|(x|y,—q,) <(p,|y,—4q,)} and An=1+7iHH1<9_mH)2

Then zer(M + S) C H, and A, < 1+ ~2||S||?> < 2. Altogether, it follows from (2.3) and the
skew-adjointness of S that

(2.25)

Y, — a,l?

<p — &n ’a’n_p +7ns(p _$n)>>
:wn+)\n< L - - Yo — 4y
[0 — o+ 1080 w7 )~

0 — p,I° >
=x, + A ( (@, — Yy,)
" — pul? + 22118 (py, — )12 T

=Xy, — Y, +4q, = Tnt+1. (2.26)

Ty + A (PH, Tp — X)) = Ty, + An<<p" T q”>>(yn -q,)

Thus, the updating rule of algorithm of Theorem 2.5 applied to M and S is given by (2.24)—(2.25). In
turn, using results from [5], this iteration process can easily be modified to become strongly convergent.
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3 Main results

The main result of the paper can now be presented. It consists of an application of Theorem 2.5
to find solutions to Problem 1.2, and thus obtain solutions to Problem 1.1. The resulting algorithm
employs the operators A, B, and L separately. Moreover, the operators A and B can be activated in
parallel and all the steps involving L are explicit.

Theorem 3.1 In Problem 1.1, suppose that L # 0 and that z € ran (A + L*oBo(L- —r)). Let
(@1,n)neN, (b1,n)nen, and (¢1,n)nen be absolutely summable sequences in H, and let (a2 pn)neN, (b2,n)nen,
and (can)nen be absolutely summable sequences in G. Furthermore, let xog € H, let vo € G, let
e €]0,1/(J|IL]| + 1)[, let (vn)nen be a sequence in [e, (1 —¢)/||L||], and set

Yin = Tn — ’Vn(L*fUn + al,n)
Y2, = Un + Yn(Lan + azp)
Pin = J'ynA(yl,n + ’Vnz) + bl,n
D20 = nyanl (y2,n - '7117') + b2,n
(\V/n © N) di;n = Pln — 'Yn(L*pQ,n + Clm,) (31)
Q@2n = P2n + 'Yn(Lpl,n + CQ,n)
Tn+l =Tn —Yin T+ qn
Un+l = Un —Y2n + @2 n-

Then the following hold for some solution T to (1.2) and some solution to (1.3) such that z—L*v € AT
andv € B(LT — ).
(i

) n —Pp1n — 0 and vy, — p2,, — 0.

(i) zp =T, p1n = T, vy, — T, and pa, — .

(iii) Suppose that A is uniformly monotone at . Then x, — T and p1, — T.
)

(iv) Suppose that B~ is uniformly monotone at v. Then v, — U and Pon — V.

Proof. Consider the setting of Problem 1.2. As seen in Proposition 2.7, M is maximally monotone,
and S € B (K) is monotone and Lipschitzian with constant ||L||. Moreover, Proposition 2.8 yields

@ #zer(M +S) CP xD. (3.2)

Now set

= (n, vn)
= (

ap = (al,ny a2,n)

(Vn € N) Yimbzn) g b = (bin, ban) (3.3)
= (P1,n:P2,n)
Cp = (Cl,m CZ,n)-
(ql ny 42 n)
Then, using (1.8) and Proposition 2. 7(1 ), (3.1) can be written in IC as

Yp = Tn — ’Yn(sa;n + an)

pn = J’ynM yn + bn
Vn e N 3.4
( ) 4, =P, — W(Sp, +c) (34

Tn+l = Lpn — Yy + qy,

11



which is precisely the form of (2.3). Moreover, our assumptions imply that (2.2) is satisfied. These

observations allow us to establish the following.
(i)&(ii): These follow from Theorem 2.5(i)&(ii) applied to M and S in K.
(iii): Asin (2.4), define
(V’I’L € N) (ﬁl,n»ﬁln) = 5n = J%M(mn - 'Vnsmn)
Then, arguing as in (2.16), we obtain
Pin — ﬁl,n — 0 and b2n — ﬁ2,n — 0.
On the other hand, (3.5) yields
(Vn eN) ~, Yz, —Dp,) — Sz, € Mp,,

ie., via (1.8),
Yo (@n = P1n) — L*vp € Aprn — 2
77:1(7)71 - ﬁQ,n) + Lx, € B_lﬁQ,n + .

(Vn e N) {
Since 7 solves (1.2), there exist v € H and v € G such that
ue Az, veB(Lz—r), and z=u+ L.
Now let n € N. We derive from (3.8) that
’y;l(:z:n —pipn) — L'vp+2€ Ap1, and pa, € B(%;l(vn — pa.n) + Lay, — 7‘).

Now set

on = |20 = Prall (€7 IP1n = T + LNl = oll) and - By =™ |l = Panll 1P2n — vll-

(3.9)

(3.10)

(3.11)

It follows from (3.9), (3.10), and the uniform monotonicity of A that there exists an increasing function

¢: [0, 400[ — [0, +00] that vanishes only at 0 such that

an + (xy, —T | L'v — L*vy,)

> e M P1n = Tl e = Prall + Pra —@n | L = L0a) + (@0 — T | L*v — L*vp)

e i =2l len = Prall + (P — T | L*v — L vy)
(Prm —F | v (T — Prn) — L*vy + L*0)

= (Bin =T | o (@n — Brn) = L'op + 2 — 1)

> ¢(|lp1,n — 7))

On the other hand, since B is monotone, (3.11), (3.9), and (3.10) yield

v

B+ (@n — T | L* Do — L*0) = (7, (vn — D2n) + Lz — T) | P2 — v)
= (v "(vn — Do) + Lan — 1) — (LT — 1) | Pon — v)
> 0.
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Upon adding these two inequalities, we obtain

an + Bn + [[xn = Z[ | L] P20 — vnll = an + B + (@0 =T | L (P20 — vn)) = ¢([Ip1n —Z[).  (3.14)

Hence, since (ii), (i), and (3.6) imply that the sequences (2 )nen, (Un)nen, (D1n)nen, and (P2,n)neN
are bounded, it follows from (3.11), (3.6), and (i) that ¢(||p1,, — Z||) — 0, from which we infer that
D1, — Z and, by (3.6), that p;,, — Z. In turn, (i) yields z,, — 7.

(iv): Proceed as in (iii), using the dual objects. O

Remark 3.2 Using a well-known resolvent identity, the computation of ps 5, in (3.1) can be performed
in terms of the resolvent of B via the identity J, p-1y =y — ynJﬁlB(%;ly).

Remark 3.3 Set Z = {(z,v) e PxD | z— L*v € Az and v € B(Lz —r)}. Since Theorem 3.1 is
an application of Theorem 2.5 in K, we deduce from Remark 2.10 that, in the error-free case, the
updating process for (x,,v,) in (3.1) results from a relaxed projection onto a closed affine halfspace
H,, containing Z, namely

($n+1a Un-l—l) = (xna Un) + >\n (PHn (xn’ Un) - (xn’ Un))v (315)
where

H, ={(z,0) e K| (& |y1n—qin) + V] Y20 — Gon) < D1 | Y10 — @in) + P20 | Y20 — G2n) }

L _ 2 L* _ 2
i a1 42 1P = 2L o )
[PLn = 2n® + P2, — vl

(3.16)

In the special case when G = H and L = Id, an analysis of such outer projection methods is provided
in [17].

Corollary 3.4 Let A1: H — 2" and Ay: H — 2 be mazimally monotone operators such that
zer(Ay + Ag) # @. Let (bin)nen and (ban)nen be absolutely summable sequences in H, let xo and vg
be in H, let € €10,1/2[, let (Yn)nen be a sequence in [e,1 — €|, and set

Pin = J'ynAl (xn - 'ann) + bl,n
P20 = J’YnAgl (Un + ’ann) + bZ,n
Tn4+1 = Pln + ’Yn(vn - p2,n)
Un+1 = P20 + ’Yn(pl,n - xn)-

(Vn € N) (3.17)

Then the following hold for some T € zer(Ay + Az) and some T € zer(—A7* o (—1d) + Ay') such that
v € 21T and v € A7,

(i) zp, =T and v, — V.
(ii) Suppose that Ay is uniformly monotone at . Then x,, — T.

(iii) Suppose that A2_1 is uniformly monotone at v. Then v, — .

Proof. Apply Theorem 3.1 with G =H, L=1d, A=A}, B=As,r=0,and z=0.0
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Remark 3.5 The most popular algorithm to find a zero of the sum of two maximally monotone
operators is the Douglas-Rachford algorithm [11, 15, 24, 38] (see (2.22)). Corollary 3.4 provides an
alternative scheme which is also based on evaluations of the resolvents of the two operators.

Corollary 3.6 In Problem 1.1, suppose that L # 0 and that zer(L*BL) # @. Let (a1n)nen and
(¢1,n)nen be absolutely summable sequences in H, and let (a2n)neN, (bn)nen, and (can)nen be absolutely
summable sequences in G. Let xg € H, let vg € G, let € € |0, 1/(||L|| + 1)[, let (Yn)nen be a sequence
inle,(1—¢e)/||L||], and set

Sp = 'Yn(L*Un + al,n)
Yn = Un + 7n<L$n + a2,n)
(Vn € N) Pn=Jy, B-1Yn + bn (3.18)
Tn4+1 = Tp — P)/n(L*pn + Cl,n)
Un+1 = Pn — 'Vn(Lsn + C2,n)'

Then the following hold for some T € zer(L*BL) and some T € (ran L)* N B(LT).

(i) zp, =T and v, — V.

(ii) Suppose that B~! is uniformly monotone atv. Then v, — V.

Proof. Apply Theorem 3.1 with A =0,r =0, and 2z =0. O

Remark 3.7 In connection with Corollary 3.6, a weakly convergent splitting method was proposed
in [30] for finding a zero of L*BL. This method requires the additional assumption that ran L be
closed. In addition, unlike the algorithm described in (3.18), it requires the exact implementation of
the generalized inverse of L at each iteration, which is a challenging task.

Next, we extend (1.2) to the problem of solving an inclusion involving the sum of m composite
monotone operators. We obtain an algorithm in which the operators (B;)i<i<m can be activated in
parallel, and independently from the transformations (L;)i<i<m.

Theorem 3.8 Let z € H and let (w;)i<i<m be real numbers in ]0,1] such that Y ;" w; = 1. For
every i € {1,...,m}, let (G, | - |lg,) be a real Hilbert space, let r; € G;, let By: G; — 29 be mazimally
monotone, and suppose that 0 # L; € B (H,G;). Moreover, assume that

z€ran w;L o Bjo (L —i). (3.19)
i=1
Consider the problem
find x € H such that z¢€ ZwiLfBi(Li:v — 1), (3.20)
i=1
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and the problem

m
find v €Gi,...,0m € Gm such that ZwiL;vi =z
i=1

V1 € Bl(le — 7“1)
and (Jx € H) : (3.21)

Um € B (Lpmx — 1)

Now, for every i € {1,...,m}, let (a1in)neny and (c1,in)nen be absolutely summable sequences in H,
let (a2,in)nen, (bin)nen, and (c2in)nen be absolutely summable sequences in G;, let x; o0 € H, and let
vi0 € Gi. Furthermore, set f = maxi<ij<m ||Lil|, let € € ]0,1/(8+ 1)], let (yn)nen be a sequence in
e, (1 —¢€)/B], and set

m
Sp = Zi:l Wilin
Fori=1,...,m
*
Ylin = Tin — Yn(LivVip + a1in)
Y2,in = Vin + Yn(LiTipn + a2,in)

Pin = Zﬁl Will,in + Ynz
(¥n eN) (3.22)
Fori=1,...,m

D2in = J%Blfl (Y2,in — Ynri) + bin

Qim = Din — Yn(LiP2im + Clin)

@2.in = D2,in + Wn(Lip1n + €2,in)

Tin+l = Tin — Ylin T qlin

Vin+1 = Vin — Y2,in T 42,in-

Then the following hold for some solution T to (3.20) and some solution (v;)1<i<m to (3.21) such that,
for every i€ {1,...,m}, v; € B{(L;T —r;).

(i) s, =T and, for everyi € {1,...,m}, v;p, = U;.
(ii) Suppose that, for every i € {1,...,m}, BZ-_1 is strongly monotone at v;. Then, for every i €
{1, e ,m}, Vin — Uj.

Proof. Let H be the real Hilbert space obtained by endowing the Cartesian product H™ with the
scalar product (- | ) : (x,y) — D1 w; (i | yi), where = (2;)1<i<m and Yy = (¥;)1<i<m denote
generic elements in #. The associated norm is || - |¢: @ — /> i wil|@;]|?. Likewise, let G denote
the real Hilbert space obtained by endowing Gy X - - - x G, with the scalar product and the associated
norm respectively defined by

(Vg (yz)m Y wilyilz)g, and |- llg:y— | > willuillg,. (3.23)
i=1 =1
Define
V={(z,....0) eH|zeH} and j:H—>V:izr (z,...,2). (3.24)
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In view of (1.11), the normal cone operator of V' is
\%4
Ny:H -2z — {

Now set

L:{ueﬂlzlﬁ;lwiui:o}, if xeV;

9, otherwise.

(3.25)

m
A= Nv, B: g — 2g: Yy — ‘><lBiy,-, L:H— Q: T +— (Lixi)lgigm, and r = (W)lgigm- (3.26)
1=

It is easily checked that A and B are maximally monotone with resolvents

(Vy e ]0,+00[) Jya:x— Py :j<2wixi> and Jog-1:y (
i=1

Moreover, L € B (H,G) and

Bi_lyi)lgigm. (3.27)

L*: G = H:v— (Liv), ., - (3.28)
Now, set
P={xecH|jiz)c Az+L*B(Lz —r)} (3.20)
D={vegG|-re—-LA'(j(z) - L*v) + B 'v}. '
Then, for every x € H,
x solves (3.20) & z € ZwiLf (Bi(Liz —13))
i=1
(== (3 (Ui)lgigm € >< Bl(LZSC — 7“1)> z = ZwlL:‘vZ
i=1 :
== (3 (Ui)lgigm c >< Bi(Li.CU — T’l)> Zwl L Ul =0
i=1
& (BveB(Ljx)—r)) jz)—Lve VL Aj(z)
& j(2) e Aj(z)+ L*B(Lj(z) — )
& jx)yePCV. (3.30)
Moreover, for every v € G,
v solves (3.21) < sz —Liv;)) =0 and (GzxeH) (vi)i<i<m € X Bi(Liz — 1)
— i=1
& (aer) j(z2)—L've Vi =Aj(z) and ve B(Lj(z)—r)
& (BzeH) jl@)e A (j(z) — L*v) and Lj(z)—re B 'v
& (JxeV=domA) xze¢€ A_l(j(z) —L*'v) and Lz —rc¢c B~ v
& —-re—-LA'(j(z)— L*v) + B™'v
& veD. (3.31)

Altogether, solving the inclusion (3.20) in H is equivalent to solving the inclusion j(z) € Az +
L*B(Lz—r) in H and solving (3.21) in G is equivalent to solving —r € B~'v—LA™ ' (j(2)—L*v) inG.
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Next, let us show that the algorithm described in (3.22) is a particular case of the algorithm described
in (3.1) in Theorem 3.1. To this end define, for every n € N, @, = (zin)1<i<m, Vn = (Vin)1<i<m,
Yin = Win)i<i<ms Yo = (Y2in)1<i<ms Pin = J(P1n), Pop = (P2in)1<i<m, Q1n = (Qin)1<i<m,
d2.n, = (‘D,i,n)lgigma aln = (a1,z‘,n)1gz‘§m, asn = (a2,i,n)1§i§ma b2,n = (bz‘,n)lgz‘gm, Cln = (Cl,i,n)lgigma
and €25, = (€2,in)1<i<m. Then we deduce from (3.26), (3.27), and (3.28) that, in terms of these new
variables, (3.22) can be rewritten as

Yin = Tn — Yo (L v + a1,5)
Yo = Unt Yn(LTn + az,pn)
Pin = JyaA(Y1n + Mn2)
(Vn € N) Pop = ‘]'ynB’l(yZn*_ ’77174) + b (3.32)
Q10 =P — ML Pap + CLn)
4d2n = P2 + ’YH(Lpl,n + CQ,TL)
Tntl =Tpn — Y1 415
L Un+1 = VUn — Y2y + 9on-

Moreover, ||L|| < maxi<ij<m ||Li| = B, and our assumptions imply that the sequences (@i n)nen,
(c1,n)neN, (@2n)neN, (b2n)nen, and (€2,)nen are absolutely summable. Furthermore, (3.19) and
(3.30) assert that j(z) € ran(A+ L* o Bo (L - —7)).

(i): It follows from Theorem 3.1(ii) that there exists & € P and (U;)1<i<m = U € D such that
j(z) — L*'v € Az, v € B(Lxz — r), , — @, and v, — ©. Hence j(s,) = Pyx, — PyT = T.
Since (3.30) asserts that there exists a solution T to (3.20) such that * = j(Z), we obtain that
sn =3 '(Pyx,) — j (T) = 7. Altogether, by (3.31), for every i € {1,...,m}, vi,, — ;, where
(ﬁz’)lgigm solves (3.21).

(ii): Let (wy,y;) and (wa,y,) in graB~!. We derive from (3.26) that (Vi € {1,...,m}) y1,; €
B;lwlyi and y2; € B;IIUQ,Z‘. Hence, since the operators (B;l)lgigm are strongly monotone, there exist
constants (p;)1<i<m in |0, +oof such that (y; — yy | w1 —wa)g = D% wi (Y1 — Y2, | w1, — wai)g, >
oy wipillwri—wal|g > pllwi—ws |G, where p = minj<i<pm p; € 10, +00[. Therefore, B~ !is strongly
monotone and hence uniformly monotone. Thus, the result follows from Theorem 3.1(iv). O

4 Variational problems

We apply the results of the previous sections to minimization problems. Let us first recall some
standard notation and results [6, 42]. We denote by I'g() the class of lower semicontinuous convex
functions f: H — ]—o0, +oc] such that dom f = {x € H | f(z) < 400} # @. Now let f € To(H). The
conjugate of f is the function f* € I'g(H) defined by f*: u + sup,cy((z | u) — f(z)). Moreover, for
every © € H, f+ ||z —-||?/2 possesses a unique minimizer, which is denoted by prox 7. Alternatively,

prox; = Id+of) "t = Jay, (4.1)

where 9f: H — 2"z {ueH | (VyeH) (y—x|u)+ f(z) < f(y)} is the subdifferential of f,
which is a maximally monotone operator. Finally, let C' be a convex subset of . The indicator
function of C' is denoted by t¢, its support function by o¢, and its strong relative interior (the set of
points in z € C such that the cone generated by —x + C' is a closed vector subspace of H) by sriC.
The following facts will also be required.
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Proposition 4.1 Let f € To(H), let g € To(G), let L € B(H,G), let z € H, and let r € G. Then the
following hold.

(i) zer(—z+0f + L* o (0g) o (L-—r)) C Argmin(f — (- | z) +go (L-—r)).
(ii) zer(r — (Lo (0f*) o (2 — L*-)) + 0g*) C Argmin(f*(z — L*) +g* + (r | -)).
(iii) Suppose that one of the following is satisfied.

(a) Argmin(f+go(L-—r)—{(|z2)) # @ and r € sri(L(dom f) — dom g).

(b) Argmin(f + go (L-—r) — (-] 2)) C Argmin(f — (- | z)) N Argming o (L - —r) # & and
r € sri(ran L — dom g).

(¢) f=tcandg=1p, z=0, where C and D are closed convex subset of H and G, respectively,
such that CN L~ (r + D) # @ and r € sri(ran L — D).

Then z € ran(df + L* o (0g) o (L - —1)).
Proof. (1)&(ii): By [6, Proposition 16.5(ii) and Theorem 16.2], zer(—z + df + L* o (0g) o (L - —r)) C
zer(O(f — (- | z) +go(L-—r))) = Argmin(f — (- | 2) + go (L-—r)). We obtain (ii) similarly.
(iii)(a): By [6, Theorem 16.2 and Theorem 16.37(i)], we have

@ # Argmin(f +go(L-—r)—(-|2)) =zerd(f +go(L-—r)—{(]2z))
=zer(—z+0f + L" o (dg) o (L-—r)). (4.2)

(iii)(b): Since r € sri(ran L — dom g), using (i) and standard convex analysis, we obtain

Argmin(f — (- | 2)) N Argmin(go (L - —r)) = zer(—z + df) Nzerd(go (L - —7))
= zer(—z 4+ 0f) Nzer(L* o (0g) o (L - —7))
Czer(—z+0f+L*o(0g)o (L-—r))
C Argmin(f +go (L-—r)—(-|2)). (4.3)
Therefore, the hypotheses yield zer(—z+ 0 f + L* o (0g) o (L-—r)) = Argmin(f — (- | z)) N Argmin(g o
(L) # .
(iii)(c): Since dom(vc + tp(L - —r)) = CNL~Y(r + D),
Argmin(ec +tp o (L - —r)) = Argmin tonr-1(r4p)
=CNnL Y (r+D)
= Argmincc N Argmin(tp o (L - —r)) # @. (4.4)
In view of (ii) applied to f = t¢, g = tp, and z = 0, the proof is complete. O
Our first result is a new splitting method for the Fenchel-Rockafellar duality framework (1.4)—(1.5).
Proposition 4.2 Let f € To(H), let g € To(G), let L € B(H,G), let z € H, and let r € G. Suppose

that L # 0 and that
zeran (0f + L* o (dg) o (L-—7)). (4.5)
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Consider the primal problem

minirﬁize fl@)+g(Le—1r)—(z]|z2), (4.6)
TE
and the dual problem
miningﬂze f*(z—=L'v) +g*(v) + (v | r). (4.7)
ve

Let (a1n)nenN, (bin)nen, and (cin)nen be absolutely summable sequences in H, and let (azn)nen,
(b2, )nen, and (c2n)nen be absolutely summable sequences in G. Furthermore, let xo € H, let vg € G,
let € €10,1/(||L|| + 1)[, let (yn)nen be a sequence in [e,(1 —€)/||L||], and set

Yin = Tp — ’Yn(L*Un + al,n)

Yo2n = Un + ’Vn(an + a2,n)

Pin = prOXA/"f(yl,n + Yn2) + bin

(Vn c N) P2,n = PIOX,, g+ (yQ;n - 'an) + b2,n (48)
dinm = Pln — ’Yn(L P2+ Cl,n)
@2n = P2n+ ’Yn(Lpl,n + CQ,n)
Tn+l =Tn —Y1n +q1n

L Un+1 = Un — Y2,n + q2,n-

Then the following hold for some solution T to (4.6) and some solution v to (4.7) such that z — L*v €
0f(x) and v € dg(LxT — ).
(i) zp —p1n — 0 and v, — P2, — 0.
(i) zp =T, p1n = T, vy, — T, and pa, — 0.
(iii) Suppose that f is uniformly conver at T. Then x, — T and p1, — T.
)

(iv) Suppose that g* is uniformly conver at . Then v, — T and pa, — T.

Proof. Suppose that A = 0f and B = 0g in Problem 1.1. Then, since A~! = 9f* and B~! = dg¢*,
we derive from Proposition 4.1(i)&(ii) that the solutions to (1.2) and (1.3) are solutions to (4.6) and
(4.7), respectively. Moreover, (4.1) implies that (4.8) is a special case of (3.1). Finally, the uniform
convexity of a function ¢ € I'g(H) at a point of the domain of dp implies the uniform monotonicity
of dp at that point [42, Section 3.4]. Altogether, the results follow from Theorem 3.1. O

Remark 4.3 Here are some comments on Proposition 4.2.

(i) Sufficient conditions for (4.5) to hold are provided in Proposition 4.1.

(ii) Asin Remark 3.2, if the proximity operator of g is simpler to implement than that of ¢*, ps, in
(4.8) can be computed via the identity prox, .y =y — prox%:lg('y;ly).

(iii) In the special case when H and G are Euclidean spaces, an alternative primal-dual algorithm
is proposed in [8], which also uses the proximity operators of f and g, and the operator L in
separate steps. This method is derived there in the spirit of the proximal [36] and alternating
direction (see [21] and the references therein) methods of multipliers.
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(iv) Condition (iii) is satisfied when f is strongly convex, i.e., when h = f — | - ||?/2 is convex for
some « € ]0,4o0[. In this case, after rescaling, problem (4.5) can be written as

1
minimize h(z) +g(Lx —r) + = ||z — z||*. (4.9)
z€H 2

An alternative primal-dual splitting method for solving this strongly convex problem is proposed
in [12].

We now turn our attention to problems involving the sum of m composite functions.

Proposition 4.4 Let z € H and let (w;)i<i<m be reals in ]0,1] such that Y " w; = 1. For every
i€ {1,....,m}, let (G| - |lg;) be a real Hilbert space, let r; € G;, let g; € T'o(Gi), and suppose that
0+# L; € B(H,G;). Moreover, assume that

z € raniwiLf o (0g;) o (L; - —ry). (4.10)
i=1
Consider the problem .
migierqr_tlize ;wi gi(Lix — 1) — (x| 2), (4.11)
and the problem .
, Jinimize ;wi (97 (vi) + (vi | 3) ). (4.12)

m o,
S wilfvi=z

For every i € {1,...,m}, let (a1in)nen and (C1,in)nen be absolutely summable sequences in H, let
(@2,in)neN, (bin)nen, and (c2in)nen be absolutely summable sequences in G;, let ;0 € H, and let
vio € Gi. Furthermore, set f = maxi<i<m ||Lil|, let € € 10,1/(8+ 1)[, let (yn)nen be a sequence in
e, (1 —¢€)/B], and set

Sn = 2111 Wilin

Fori=1,....m

{ Ylin = Tim — Tn(Livin + a1,in)
Y2,in = Vin + Yn(Li%ipn + a2,in)

Pin = Zzﬂil Will,in + Yn2

(Vn €N) For i=1,...,m (4.13)

P2,im = ProXy, g« (Y2in — YnTi) + bin

Qin = P — Wn(LiP2im + Clin)

92,i;n = P2in + Yn(LiP1n + C25in)

Tin+l = Tin — Ylin T dlin

L L Yint+1 = Vin — Y2in + Q2in-

Then the following hold for some solution T to (4.11) and some solution (U;)1<i<m to (4.12) such that,
for every i € {1,...,m}, v; € 0g;(L;T — r;).

(i) sp = and, for every i € {1,...,m}, v, — U;.
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(ii) Suppose that, for every i € {1,...,m}, g is strongly convex at v;. Then, for every i €
{1, e ,m}, Vi — Uj-

Proof. Define H, G, L, V, r, and j: H — V as in the proof of Theorem 3.8. Moreover, set
f=wand g: G = ]—o0,400]: y = > " wigi(yi). Then, f € To(H), g € To(G), f* = ty,1, and
g v Y wigf(v;). Therefore, (4.10) is equivalent to

3(z) € ran (8f + L* o (9g) o (L - —1)). (4.14)

Furthermore, (4.11) and (4.12) are equivalent to

mig'g%ize flx) +g(Lx—7r)— (x| 7(2))y (4.15)
and
mig}lienglize I J(z) = L)+ g"(v) + (r | v)g, (4.16)

respectively. On the other hand since, for every v € ]0, +oo[, prox, ¢: @ +— §(D ;% wir;) and prox, g« =
(Prox, 4« )1<i<m, (4.13) is a particular case of (4.8). Finally, in (ii), g* is strongly, hence uniformly,
convex at v. Altogether, the results follow from Proposition 4.2 and the weak continuity of prox. ;. O

Remark 4.5 Suppose that (4.11) has a solution and that
(ri,...,rm) € sri {(le — Yy Lpx —yp) | € H, y1 €domgy,..., ym € domgm}. (4.17)

Then, with the notation of the proof of Proposition 4.4, (4.17) is equivalent to r € sri(L(V)—domg) =
sri(L(dom f) — dom g). Thus, Proposition 4.1(iii)(a) asserts that (4.10) holds.
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